Chapter Vectors and Coordinate

Systems

2.1 Vectors

2.1.1 Definition:

A vector is a magnitude oriented in space. A vector with origin A and end B,

denoted by: ﬁ or \7 is defined by four characteristics:

Its origin: the point of application A (see Figure 2.1).

Its direction: that of the straight line carrying the vector.

Its orientation: the indicated by the arrow.

— ->
Its modulus: which is the length of the vector: |AB|=|V].

Figure 2.1: A vector



2.1.2 Unit vector

> > > > \_;

The unit vector u of a vector V, of length |V,| > 0, the vector u = —,
>

IV
-> >

Its modulus is equal to the unit |u| = 1 and its orientation is that of V.

2.1.3 Vector Operations

> >

Equal vectors: Two vectors V; and V. are equal if they have the same
modulus, direction and orientation, whatever of their origin.

> > >
Opposite vectors: being V is a vector, note — V the vector opposite to V. In

> >
practice — V is of opposite orientation to V.

> > > > >

Sum or resultant: either Vi1 and V, be two vectors, therefore Vi + Vo, = V3
which is the diagonal resulting from the parallelogram formed by the

> >

vectors Viand V- (see Figure 2.2).

Figure 2.2: Sum of two vectors

Or: the sum of several vectors is a vector joining the origin of the first vector
to the end of the last.



corresponds to adding V, with the opposite (- V>).

>

-> ->
Product: The product of a vector V, by a scalar p is the vector p.V, of the

same direction as V; whose its modulus is equal to the product of that of V,

by the absolute value of p and whose orientation is identical or opposite to

that of V,, depending on whether p is positive or negative (depends on the

sign of p).

2.1.4 Linear Algebra Laws:

Consider the vectors V,, V2, Vs and the scalars p and g, we have:

Commutativity

law
Associativity

Law
Associativity

Law

Distribution

Law

V,+Vo=V,+V,
Vi+ (V2+V3) =

-> > >
p.(@. V) =(p.q). V,=q.(p. V1)
(p+0).V,=p.V,+0.V,

Vg) = pV/ +p. V>

Commutative on

addition

Associative on the

addition
Associative on

multiplication

Distributive on

multiplication

Subtract : the subtract (difference) of two vectors V; and V2, noted (V; — V>)



2.1.6 Components of a vector in an orthonormal reference

The orthonormal reference frame in space is represented by three orthogonal
. i

axes (Ox, Oy, Oz) with a basis (i, j, k) .

The components of the vector \7 are the orthogonal projections Vx, Vy and Vz

on the axes (Ox, Oy, Oz). The expression of \7 is given by:

> > > > N
V=Vx.i +Vy. j +Vz. Kk, so, its modulus is: |V [=\/Vx 2 +Vy? +Vz?

On the other hand: Vx =V cosa, Vy =V cosf, Vz =V cos ¥

Where : a=(1,V), 8= (j, V) and 7= (k, V)

We call: cose, cosg and cosy direction cosines of the support of the vector

5
V in the orthonormal reference frame (O,xyz).

-> >
The components of the unit vector of V, noted u, are :

-> Y K e v > Vv 2> >
UZL:VX.I+Vy.j+VZ.k:ﬁ.i+_\L.j z %
> > > -> >
IVI VI Vi IV VI
2 e >
=cosa.i + cosp. j + cos 7. k
Note:

>
The direction cosines of the vector V are the components of its unit vector.

>
We deduce the relationship between the direction cosines since |u| = 1:

cos® o + cos? B+ cos? y=1



2.1.7 Scalar product

> >
The scalar product of two vectors V; and V: is defined by:

> > > >
Vi Vo= |Vy]. IVzllcose 3 0< a<nx
Properties:
) > > > .
Commutative law VPRVA=RVS V; commutative

> > > > > >

Vi.(Va+V3) =V,. Vo+ V. V3
P . > > > o> > > P .
Distributive law 0.0V, V) = (p.V) V2=V, (p.V2) Distributive

> >
= (V[. Vg)p

Orthogonality \71 .\72 “0 = \71 N \72 Particular case

> > >

In the direct basis (i, j ,k) of an orthonormal reference frame, we have:
—_) -> > > —> —) ->
ii=j.j= 1.] =]

> >
j.k=ki=0

x¢
=V
1
[EEN

> >
Being the two vectors V; and V in an orthonormal Cartesian reference:

> > > > > > > >

Vi=xii +y1j + 2k and Vo= Xoi +Yy2j + 122k

> > >
V.V, =Vid=x? +yi + 2/ V;.V2= XX + Y1y2 +212>




2.1.8 Vector product

> >

The vector product of two vectors V,; and V. is defined by:

> > >

> >
ViAVo= Vol IV2lsineu ;. 0< a <«

> >

5
Where: u is a unit vector indicating the direction of V; A V5.

Properties:
> > > > Not
Non-commutative law: V; A V2= —-V2A V; commutative
> -> > > > > >
Distributive law: V; A (Vg +V3) =V, AVo+V,;AV;
Distributive

> > >

> > >
p(V; A Vg) = (pV])/\Vz =V;A (sz)
= (V[/\ Vz)p

In the direct basis (?, r ,R)) of an orthonormal reference
frame, we have:

> > > > > > > > > >
iATl=jAj=kak=0;in]=k; j



> >
Being the two vectors V; and V- in an orthonormal Cartesian

> > > > > > > >

reference: V; = xqi + y1j + zzk and V> = Xoi + y2j + 22K
Determinant

> > >
I usage
Xr Yir 1
X2 Y2 12

> >
V]/\Vg =

> > >
= (Y1.22 —Y2.21) | — (X1.22 —X2.21) j+ (X1.Y2 —X2.y1) K

5 Particular

> >

-> > > ->
If:V,AVz2=0aswellas:V;,#0and V> #0so: VIV, case

> -> ->
[V A V2| is the surface area of a parallelogram with sides V; = Geometric

> sense
and V>

2.1.9 Mixed product and double vector product

-> > ->

The mixed product of the three vectors V; V- and V; is defined by:

> > > Xi Yr 4
V/.(Vg/\V_;) =| X2 Y2 12
X3 Y3 13

> > > > > > > >
Where: V= x1.i +y1.j + 2.k , V=Xo.1 +yo.] + 22k,

> -> > ->
V5= Xa.i +Vya.j +23.k

> > >

V] .(Vz A V3)

The absolute value of mixed product represents the volume of

> > >
a parallelepiped with sides V,, V-and V3.

> > > > > > > >

>
We also have; V; .(Vg A V3) = V2.(V3/\ V]) =V; .(V]/\ Vz)



> > ->
The double vector product of the three vectors V; ,V- and V3 is defined by:
-> -> > > > > > >
V//\ (Vg AN V3) = (V] V3) V2 - (V[ VZ) V3
> > -> > > -> -> > >
Like: (V]/\ Vg) A V3: (V] . V3) Vo— (Vz . V3) V;

> > > >

> >
It is clear that VA (Vg A V}) ;ﬁ (V/ A Vz) AV;3
2.1.10 Vector derivatives

> >
If o(u) is a scalar function and if V(u) and V’(u) are vector functions, then

we have:

> —>—>’ S —>, > S
d@.vg_wdv Vd_gg dv.v’) _ Vdi d_VV
du du du du du du
> > S > S
d(!/\V?zVAd dV AV
du du du

Usual operation by keeping the scalar or vector character of the product.



2.1.11 Gradient, divergence and rotational

> >
Consider a vector function V = V(X ;Y ;Z) and a scalar function ¢ (x, y, 2).

Either the differential vector operator Nabla, defined by:

>

0

—»a—>a—>

V== i+= =k
x ol e
We define the quantities:
— v 07,937,090,
rad ¢ = V. p=(=.i +=.j += k).
Gradient g ¢ ¢ (ax oy J oz )¢
Vector form
( ) _20} .07 00
ox oy oz
Divergence > > > >
d|vV l7V ( A+ @.j+ﬁ.k).V=ai(+a—Y+a_Z
(Scalar form) oy 0z ox Oy Oz
—_— > >
rot V= V/\V
. >
Rotational —(—|+@j+— K) A (XI+YJ+Zk)
(Vector form) oy
Z avyy a_z_az“ a_Y_fzr
oy 0z ox

There are two remarkable relations:

— >

div( rot V) = V (V/\V) 0

_—

rot ( grad ¢) = V/\ (V(p) =




2.2 Coordinate systems
2.2.1 Cartesian coordinates

a) Definition

i —_— —> —> > > >
Being three orthogonal axes; Ox, Oy and Oz whose vectors are i, j and k

respectively.

The Cartesian coordinates of a point M of space correspond to the

N
projections of the vector OM on the three axes.

|
Z
M
HPLR
. '
i v
s 0 -,
e i i e i ~-7
m

Figure 2.6: Cartesian benchmark.

The Cartesian reference frame is called normal, when the vectors T T and Kk
are the same modulus.

Whereas, the benchmark is called orthonormal, if moreover, the axes Ox, Oy
and Oz are perpendicular.

Oxyz is a direct orthonormal trihedron, if the smallest rotation that brings Ox

onto Oy is in the direct trigonometric direction around Oz.

> > . =
If i, j and k form a Cartesian basis: OM =



2.2.2 Polar coordinates

a) Definition

The position of the moving point M in the plane (Oxy) is defined by the
variables p(t) and At), the variables p, 8 being the Polar coordinates of M.

-

Figure 2.7: Polar benchmark.

{/p oM p=0
(

0= (Ox, OM) 0<0<2r

> >

The reference frame defined by the basis (u, ug) is called the Polar

benchmark.
ﬁp is carried by the half-line directed along the p crescents.

Uy is tangent to the trajectory following the & crescents.

b) Relationship between Cartesian and Polar coordinates

X = p.c0S6 PN +Y7)
{y:p.sine S0 @ =arc tan())%)




2.2.3 Cylindrical coordinates
a) Definition
The position of the M point is determined using the variables p, @ and z.

These variables are called the Cylindrical coordinates of M.

p=0m p=0
M A

6 =(0x, Om) 0<60<2r

z =Mm — o0 <z <0

',"’ A, TN

' Ha Uz

1 [

N Uy
Up

y

E

Figure 2.8: Cylindrical benchmark.

The Cylindrical basis in M is: ﬁp, ﬁg, ﬁz_
ﬁp is carried by the half-line directed along the p crescents.
Uy is tangent to the trajectory following the & crescents.

Uz is along the mM, line, in the direction of the increasing z .



b) Relationship between Cartesian and Cylindrical coordinates

X = p.coso p=NGC +Y7)
{y:p.sine then: 0 =arc tan())%)
7=1 -

Note: the Polar reference frame is a particular case of the Cylindrical

reference frame with z = 0.

2.3.4 Spherical coordinates

a) Definition

Figure 2.9: Spherical benchmark.

The position of the M point is determined using the variables r, g and 6.
r, pand @ are called the Spherical coordinates of M. ¢ is called colatitude,

is called azimut or longitude.



r=0M r=0

— —

M § 6=(0x, Om) 0<0<2rn
—_— —>

¢ =(0z, OM) O<op=<r

The Spherical basis in M is: Ur, ﬁ(p, Uo,
Ur is radial according to the o crescents.
J(/, is tangent to the vertical circle following the ¢ crescents.

Uois tangent to the horizontal circle following the & crescents.

b) Relationship between Cartesian and Spherical coordinates

r=x2+y? +2?

L 6 =arctan(y )
y = r.sing.sin@ then : X

Z=r.cosp z

@ =arc c0S ———
V#+V+f

{x = r.sing.cosé




Summaries of exercises

Exercise 01

1) Being three points: A(1,0,2), B(-2,1,4) and C(0,3,5) identified in an

> > >

orthonormal Cartesian reference R(O,xyz) with a direct basis (i; j; k).

—_— —>

—
1) Calculate the vectors AB, AC and BC.

2) Deduce the unit vectors Jl, Jz and Jg of the vectors AB, AC and BC

respectively.

_— —>
3) Calculate the vector product AB A AC.
4) Deduce the surface area of the triangle ABC.

I1) Consider a PNQ triangle (see Figure 2.10 below).

Figure 2.10

a) Demonstrate the following sines law:

sin(a) _ sin@p) _ siny)
a b c

b) Demonstrate the following relationship:

c=+/aZ+b?- 2ab.cosy



Exercise 02

An M point of the space can be represented by:
. . e s
— The Cartesian coordinates (x, y, z) of the basis (i, j, k)
. . R ; > > >
— The Cylindrical coordinates (p, 6, z) of the basis (u,, Ug, U;)
. R ; > > >
— The Spherical coordinates (r, ¢, 6) of the basis (ur, Uy, Us)
> > > > > > > >
1/ Express the bases (u,, Ug Uz) and (Ur, Uy, Ug) as the basis (i, j, k).
2/ Calculate:

10 do in the basis (T, T E). Deduce their expressions in the

. ; . > > >
Cylindrical basis (u,, Ug, Uy).

> > > >
dur  dur  du, . du,

dp > d0 > dp > do in the Cartesian basis (i, j, k), in the

. e
Spherical basis (Ur, Uy, Ug)

>
3/ Determine the expression of the elementary displacement vector dL in the
three coordinate systems.
4/ Deduce the surface area of a disk of radius R; thus the volume of a sphere

of radius r.



Exercise 03
An M point can be represented by its Cartesian coordinates (x, Y, z), its Polar
coordinates (p, @), its Cylindrical coordinates (o, 6, z) or its Spherical
coordinates. (r, ¢, 0).
1/ The Cartesian coordinates of a point M; are (2, -2).

Determine its Polar coordinates.
2/ The Cartesian coordinates of a point Mz are (2, 2, 1).

Determine its Cylindrical and Spherical coordinates.

3/ The Cylindrical coordinates of a point M3 are (3, grad, 2).

Determine its Cartesian and Spherical coordinates.

4/ The Spherical coordinates of a point My are (3, —7; rad, 7}[ rad).

Determine its Cartesian and Cylindrical coordinates.
5/ Find the expressions and moduli of the vectors MM and MM3, in the
. N s
orthonormal Cartesian basis (i, j, k).
6/ Deduce the unit vectors of the vectors MM, and MMj; in the

. N s
orthonormal Cartesian basis (i, j, k).

7/ Calculate the scalar product, as well as the vector product of two vectors

— —
M/Mgand M4M3.



Exercise 01

. — — —
1/ Calculation of the modulus of the vectors AB, AC and BC :

-3
Wehave:ﬁ( 1];50: ||ﬁ||=\/9+1+ =14
2

-1

AC 3];so:||ﬁ||=\/1+9+9=\/f)

3
2

BC 2};50: IBC|=\4+4 +1=3

1

. > > > — —> — i
2/ Unit vectors u; ; uz and us of the vectors AB, AC and BC respectively :

oo AB _\TA(3i+]+2K)
14

—
IAB]

>

> >

> _ AC _A[19Ci+3j+3k)
2 —
IAC]

N > > >
U= BC _Qi+2j+k)

—
IBC|

. — —>
3/ Calculation of vector product AB A AC :

|
—

AB AAC = -3
-1

W b —y

4/ Deducing the surface of the triangle ABC

— —
S (Triangle) = |AB ;AC I - \‘EZZ units of surface.



sing _sing _siny.

11/ a) Showing the following law: b c

Figure 2.12

— — )
[QP A ONJ| _c.b.sina

We have: S(Triangle) = 1
e have: S(Triangle) 5 3 (1)
s(Triangle) = 1PN /Z\PQ | - a.c.;inﬁ ?
S(Triangle) = INP /;NQ I - a-b;iny 3

According to the three relations (1), (2) and (3), we get the sines law :

sina _sing _siny
a b c

b) Demonstration of the following relation:

c=+/a?+b?-2ab.cosy
Based on Figure 2.12 above and the Chasles relation, we have:
_— — > —> —> —>
PN+NQ=PQ = PQ= NQ-NP

S0: (PQ)?= (NQ — NP)> = PQ? = NQ? + NP2 — 2.(NO. NP)
PQ2=NQ?2+ NP 2-2,(NQ. NP.cosy)

We obtain: c¢?= a?+b?—2.a.b.cosy

Therefore: ¢ =+/a 2 +b ?— 2a.b.cosy



Exercise 02
. . N e S .
1/ Expression of the Cylindrical basis (u,, Ug, U;) in the function of the
. g
Cartesian basis (i, j, k) :
> > 2
U, =C0sé. 1 +sind. |
> .2 2
Ug=—sIind. i +Cosé. |

> >
Uz=k

> > >
The Spherical basis expression (ur, U, Ug) in the function of the
. N g

Cartesian basis (i, j, k) :

> L2 >

Ur = cosésing i +sinésing. j +cosg.k

> L2 2

Ug=—sInd. I +Ccoso. |

-> 2> R > R ->

Uy = COSO.COS@ i +SiNA.COSe. | —sing.k

2/ Calculation of:

> >

in the Cartesian basis (1, ], K) -
46 ° de in the Cartesian basis (i, j, K) :

N
du, _ —siné. ?+ cos0. r
déo

>
dUa

40 =—(cosé. ?+ siné. T)

> > >
Their expressions are deduced from the Cylindrical basis (u,, U, U;) :

> >
do, _ g
de
->
dUg_ ->

do W



> > > >
dur .dur . duy, . du,

> > >
in the Cartesian basis (i, j, k) as well as in the
dp *d6 *dp ° dB ' ' I (1, k) as well as i

b)

. B S
Spherical basis (Up, Ug, Ug) :

>

duy ? EO
do = c0sO.cosg I + sinf.cose. j —sing.k = u,
@

-
duy

Lo P - L7 2, .2
=—sindsing i + cosésing. j =sing (sind. i +cosé. j) =sing. Uy

< >
=—cosdsing i —sinésing. j —cosp.k =— ur

o | o
@LC* S

Eg_ =—sinf.cosg i + CosH.coSp. ] = CcoSe.(—sSind. i + cosé. j) = Ccose. Uy

>
3/ Determining the expression of the elementary displacement vector dL

In the Cartesian coordinates system:

- ) . — 2 2 >
The position vector is defined by: OM =x. i +y. j +z. k

The point M moves in space, if we derive the expression of the position
vector, we will have the following elementary displacement vector

expression:

—> > > > >
dOM =dL =dx. i +dy. | + dz. K

In the Cylindrical coordinates system:

- .-y .-y - 4} > >
By definition, the position vector is: OM = p. u, + z. U,
Similarly, if we derive the expression of the position vector, we will have the

elementary displacement vector expression, so:

—> > > > >
dOM =dL =dp. u, + p.dé uy + dz. u,



In the Spherical coordinates system:

-y - - - _)
The position vector is defined by: OM =r. uy.
Then, the expression of the elementary displacement vector, will be:

—> -> > A -> ->
dOM =dL =dr. ur + r.sing. d6. us + r.de. u,
4/ Deduction of the surface of disk of radius R:

The expression of the surface element in Polar coordinates is as follows:
dS = p.dp.dé@

Then: S(disk)szds fop.dp.de

=R 0="2. 2
S0: Sgisky = Jp dp.J ﬁd@ = R—.27Z' = z.R?
p=0 =0 2

Deduction of the volume of a sphere of radius r :
The expression of the volume element in Spherical coordinates is as follows:
dVv = ridrsinp.de.de

We integrate dV, then:V(sphere)szde =fffr2.dr.sin(p.d(p.d9

r=r =7 . =2
V(sphere) = J r’.dr. J ? ﬁsm(/).d(/zj T do
r=0 p=0 0=0

2.7

r :
0

r T
On obtain : V(sphere) = |:§:| 0 [7 COS¢] 0" [9]

4
V(sphere) = §.7Z'.I’3

Exercise 03
1/ The Polar coordinates (o, @) of point My(x =2,y =-2) :
We know that:

p=A\x7+y? =22+ (2’ =+[8 =22

0= tan_l(x) = tan‘l(_—z) =_45°=_ z rad
X 2 4



So, the Polar coordinates of the point M; are Mi(p = 2\/5, 0= —grad).

2/ The Cylindrical (p, 6, z) and Spherical coordinates (r , ¢, 8) of the
point Ma(x =2,y=2,z=1) :

— Cylindrical coordinates (p, 6, z):
We know that:

p=AKTHY? =\TAE = 2\

0 =tan 1(Y) = tan 1(2) = 45°= Zrad
X 2 4

z=z1=1
So, the Cylindrical coordinates of the point M, are
Mop= 212, 6 = 45°,2=1).
— Spherical coordinates (r, @, 8):
We know that:
r=+x’+y?+z% =+22+22+1* =3

@ =cos ! (Z) = cos ! (lj =70,53°
r 3

0 = tan*l(}f) = tan *1(2) = 45°= Zrad
X 2 4

So, the Spherical coordinates of the point M, are
Ma(r =3, ¢ =70,53°, 6= 45°).
3/ The Cartesian (X, Y, z) and Spherical coordinates (r, @, @) of the point

Ma(p = 3, 0=§rad, 72=2):
— Cartesian Cylindrical coordinates (X, Y, z):
We know that:

X = p.c0Sf = 3.cos == g =15



y:p.Sine = 3.Sin7—;: 2,6

z1=1=2
So, the Cartesian coordinates of the point M3 are
Ms(x=15,y=2,6,z= 2).
— Spherical coordinates (r, ¢, 8):
We know that:

So, the Spherical coordinates of the point M3 are
Ma(r =+/13, ¢ = 56,31°, = 60°).
4/ The Cartesian coordinates (X , Y, z) and Cylindrical (o, 6,z) of the

oint My(r =3, ¢=Zrad, 8=Zrad) :
p o 9= 2 )

— Cartesian coordinates (x , Y, 2):
We know that :

x = r.sing. cosd =3.sinZ .cosZ=0
6 2
= rsing.sind = 3sinZ sinZ=3 = 1,5
y 4 6" 272

Z= r.cos¢ = 3.c0S —Z= ?52@ =26

Then, the Cartesian coordinates of the point M, are

M4(x=0,y=%,z= 3—\25).



— The Cylindrical coordinates (p, 6, 2):
We know that :

So, the Cylindrical coordinates of the point M, are

Ma(p = % 0 =90° 7 =3A2@).

5/ The vectors M;M;and MM in the Cartesian basis:
We have : Mi(2, -2, 0), Ma(2, 2, 1), M3(1,5, 2,6, 2), M4(0, 1,5, 2,6).

2-2 0
Therefore: MM,| 2—(-2) |= | 4
1-0 1

15-0 1,5
And 4M3 26-15 1,1
2-2,6 -0,6

—> —
The modulus of the vectors M;M;and MM :

IM/M> | =07 + 42 + 12 =+[17

IMM;| =+/1,5% + 1,1 + (-0,6)* = 1,95

6/ The unit vectors of the vectors M;M,and MM in the Cartesian basis:

By definition, we have:

]MZ

> >
UMM = =097 +0.24k

MM |



> o MM 2 > "
UMMy =MMs _ 627740567 031k
—
MMl

— —
7/ Scalar product and vector product of vectors M;Mz;and MM :

— ——
— The Scalar product: M/M;. MM3
By definition, we have:

— s —
MM,>. MM3 = XX + V1Yo + 72122

—>

—>
Therefore: MM>. MM = (4 x 1,1) + (1 x (-0,6)) = 3,8

— —
—  The vector product: MMz A MM3

By definition, we have:

_— 7 7 g
M/M> A MM; = (Y1.22 —Y2.22) | — (X1.Z2 —X2.21) j+ (X1.Y2 —X2.y1) K
Therefore:

> > >
MM AMM; =(4%x(-0,6)-1,1x1)i—-(-15x1)j+(-15x%x4)k

—

> > >
M/M,. MM; =—1,3 i +1,5j—6k



Chapter | Kinematics of the Material

Point

3. Kinematics of the Material Point

3.1 General Definitions

3.1.1 Kinematics

Kinematics is the study of motion as function of time, independently of the
provoking causes (the forces applied to the material point).

Kinematics must give the law of motion that allows defining the position of
the mobile and its state of movement at each moment, so it aims to specify

trajectories and time laws.

3.1.2 Benchmark
It is necessary to define a space benchmark, to track the position of a

> > >

particle. This consists of choosing an origin O and a basis (i, j, k). The

> > >

trihedron (i, j, k) is the benchmark of space.



3.1.3 Reference

A reference frame is a spatial benchmark with a time benchmark (benchmark
+ clock). It is therefore an object in relation to which motion is studied.
There are several references frames such as: the Galilean reference, the
Terrestrial (Earth) reference, the Geocentric reference, Kepler’s or
Heliocentric reference, Copernicus’ reference, and the Barycentric
reference.

3.1.4 Material Point

A material point is a physical body of mass m whose dimensions are

negligible compared to the distance over which its motion is considered.

3.1.5 Trajectory

The trajectory of a moving material point, in a given reference frame, is the
curve formed by the set of successive positions occupied by the material

point over time.
3.2 Kinematics without change of reference

3.2.1 Expressions of position, velocity and acceleration vectors in

different coordinate systems
. . . PP
3.2.1.1 In the Cartesian coordinate system of the basis (i, j, k)

. = T >
> Position Vector: OM =x i +y ] +zk.

Its modulus: |OM [|=~/x? +y? +2°

_dOM Lady v
> Velocity vector: v = =—=
Velocity vector: v = pm dt pm j+ dt Z g

> 2>
=vi i +Vvy ] +Vv. K

>
Its modulus: v =\V@ +%? +V,2



d 2 2 > 2
> Acceleration vector:: y—g—\{ = dd% - zt;( at)zfj 32 ‘

dvet , dvy, dvop
dt

K=+ +nk
_)
Its modulus: ||y = \V5Z +%° + %
) ) > >
3.2.1.2 In the Polar coordinates system of the basis (u,, Ue)
. _— > ->
» Position Vector: OM = p.u,

—
Its modulus: |OM |=p

d?j‘lt\/l -_ b.ap +p. .H.ae = Vp .ap + V@ .GH

-> . .
Its modulus: V]| = V.2 +v =\ p2+ (p.6)

» Velocity vector: v—

> —>
2
» Acceleration vector: y—%—vzdd$ =(p- pHZ)up +(2p9+p6’)ua

> >
=% UpT yole

lts modulus: 7] =72+ 72= (b — pB2) + (200 + pO )
- - - - _) _) _)
3.2.1.3 In Cylindrical coordinate system of the basis (u,, ug U;)

. —_— > ->
» Position Vector: OM = p.u, + z.u,

Its modulus: |OM |=+/g + 22

> N > > >
> Velocity vector: v = dOd_Q/I = p.U, +p.0Ug +2.U,

> -> ->
=V, .Uy, + Vg.Ug+V; .U,



> . o .
Its modulus: V]| =/V,> +V@+ V> = \/p2 +(p.0)Y +27°

dv _ d°OM

» Acceleration vector: ]/ dt dt?

.o . -> . T oo >

= (p — p&F)U, +(2p0 + pB).ug + .U,
> > >
= Upt yoUo+ 7 U

>
Its modulus: ||yl =7, + 7@+ %2

= \/Cé—pbz)2+(2,b'0+p'é)2 +77

> > >
3.2.1.4 In the Spherical coordinate system of the basis (ur , Ug, Ug)
. — > ->
» Position Vector: OM =r =r.u,
—
Its modulus: |OM |=r

» Velocity Vector v = dOd_M =r. ur+ r.sing. 9u9+ r. (pu(,,

> > >
= Vr.Ur+ Vo.Ug+ Vp .Uy

> . . .
Its modulus: V] = \Vi’+ Ve +V,° = \/r2+(r.sin(p.0)2 +(r.p)?

> Acceleration Vector:

d d’OM

) 2
== = _ _ 9 r
/4 at e (I’ I’(o r.sin® Q. )U

.« . . . ee >
+ (2r.cos@..0 + 2r.sing.6 + r.sing.6) ugy

.o .o o ->
+(2r.¢ + 1. +1.5iN@.C0sP.0%) U,



> > >
= U+ yUo+ Uy

>
Its modulus: [ 7| =\ 572+ 70+ 7°

> >
3.2.1.5 In intrinsic coordinates of the Serret-Frenet basis (ur, GN, b)
For each point M of a curve (C), it is possible to associate the trihedron with

origin M, which is frame of reference tangent to the curve whose axes are

. R > > > ;
defined by the unit vectors ur, uy and b, with :
4

— >
> _dOM _v
dS v
\ dir
dS R
> > >
\b:UT/\UN

Figure 3.1 : Serret-Frenet basis
>
Where: dS is the elementary variation of the curvilinear abscissa, ur is the

>
unit vector of the tangent, R is the radius of curvature of the trajectory, uy is



> ->
the unit vector for the principal normal, b is the bi-normal (orthogonal to ur
>
and to un).
. . s i
The trihedron constructed on the direct basis (ur, un, b) is called the Serret-

> >
Frenet trihedron, and the plane containing the vectors ur and uy is called the
osculating plane.

Curvilinear abscissa: S(t) = S(M) = MM ; the curvilinear abscissa at time t,

noted S(t), of a material point M, is the length of the arc I\/I/oR/I of the

trajectory of M counted from an origin Mo at to = 0s.

» Velocity vector: v =v. uT %—? ur ; the components of the velocity vector
are v(ds 0 0).
dt’
>
Its modulus: |v[|=v = ds
dt’
d dv > V2> > >
=—=—Ur+—Uy =y +
> Acceleration vector: y il R.uN 7+ m

2

) dv
Or.yr—dt and w = R
The components of the acceleration vector are ;(ﬁ, M, 0).

Its modulus: II;II=W= (%JZJr F

> >
The acceleration vector yis the sum of a tangential acceleration vector yr

>
carried by the tangent and a normal acceleration vector w carried by the

principal normal.



3.3 Rectilinear movement

A motion is a rectilinear if its trajectory is a straight line.

3.3.1

3.3.2

Uniform rectilinear movement is the motion of a point body moving
in a straight line at constant speed in the observer’s frame of
reference.

Uniformly varied rectilinear movement is the motion where the
trajectory is a portion of a straight line, and speed is a function of

time. The acceleration keeps the same direction, the same sense and

same value.
uniform rectilinear uniformly varied
movement rectilinear movement
" —Ts
Position X= V.t + Xo - % 7+ Vot + X
Speed vV =Vvp=cte V= yt+ Vo
Acceleration | y=0 y=7yp=Cte

3.4 Circular movement

A movement is circular if its trajectory is a circle.

We identify the point on the circle by the angle ¢ that the right OM makes

with the axis Ox.

34.1

Uniform circular movement is the movement if the angle ¢ increases

in a uniform manner (way).



Oi

=~1%

=4

Figure 3.2: Circular movement

3.4.2 Uniformly varied circular movement is characterized by a circular

trajectory and a constant angular acceleration.

Uniform circular | uniformly varied circular
movement movement
Position | p= gt + g p=2 5L+ i+
Angular @= qo=cte = pt+
Speed
Angular 0=0 0 =py=Cte
Acceleration




3.5 Kinematics with change of reference

3.5.1 Absolute and Relative Movements:

Let’s consider a reference () fixed over time, (#’) a moving reference
(mobile) relative to () and a point M that moves relative to () and to
() (Figure 3.3).

The movement of a point M relative to (%) is called absolute movement, and

relative to (%) is called relative movement.

Figure 3.3: Absolute and Relative Movements:

3.5.2 Velocity composition theorem :

The absolute velocity vector is equal to the sum of the relative and training
. > > >
velocity vectors: va = Ve + V..

Demonstration:
It is considered that (X, y, z) are the coordinates of the point M in the fixed

> > >
I

reference (X)(O, i, j, k) and (x’, y’, z’) are those of the point M in the

moving reference (£°)(O’, T T K’).



From the Figure 3.3, we have: OM OO + O’M

— > > = e e >
Or:OM=x.i+y.j+zk;O'M=x"i+y.j'+z°k"
B —
The derivative of the vector OM, gives:

; —dOM_doo" . _j_ dk’, dv'> AT
dt ot dt dt dt at' o

doo’ . .di’, .dj’ . _.dk
The term( s +x'dt +y'dt +z’. dtJ is the training velocity (ve) and

represents the velocity of the moving reference (#°) relative to the fixed
reference (%) (velocity of the coincident point).

The term (%I +lj rpdz kj is the relative velocity (\7r) which

dt dt
represents the velocity of the point M in the moving reference (X°).

It can be demonstrate that:

doo’

N
m + oae A O’M

W

3.5.3 Acceleration composition theorem :

The absolute acceleration vector is equal to the sum of the relative, training
and Coriolis acceleration vectors:
> -> -> >
Ya=nptrtr
Demonstration:
>
dva

> >
By definition, the absolute acceleration y. will be: y. = e

>
If we derive the vector v, with respect to time, we obtain the absolute

acceleration vector defined in the fixed reference (%):



;azdvadeOO’_Fi* d_LJ dz’ p , pdx dI Lodv’d]’
dt dt? dt? dt? dt? dt dt dt " dt

dz’ dk _L d2k

*2 dt " dt X dt Y dt? at?

5 - >
The term {d 00 +x’ + —l +z’ —j is called training acceleration
dt’ dtZ dt’ dt?

>

Ve

2.,
The term (dd;(z i +th%? +O(IjZZ Ej called relative acceleration ?fr.

dx’di _L_J_ dz’ de . L7
The term (Z(dt'dt qCdt Tt dt called Coriolis acceleration ..

Finally, we find the acceleration composition theorem:

> >

> >
Va=nt et
It can be demonstrated that:
d2 OO’ d» —> -> -> —>
a)e b b
dtz TAO + oA (@A O’'M).

e

> >

N
Ve =2. W A Vr



Summaries of Exercises

Exercise 01

In an orthonormal Cartesian reference (XOY) with an orthonormal Cartesian

basis (O, ? j)), a material point M is identified by its Cartesian coordinates M
(at ; bt?) ; where t represents the time in (s). a and b are constants.

1) Determine the physical meanings of the constants a and b.

2) Express the position, velocity and acceleration vectors of point M.

3) Find the equation of the trajectory of point M, and deduce its nature.

Exercise 02

In an orthonormal Cartesian reference (Oxy), we consider a body M moving
X=—-t1+1

according to the following hourly equations: { y= %t— 2

Where: x and y are in meters and t is in seconds.
1) Find the trajectory equation of the body M.
2) Plot the trajectory in the following cases: t € [0; 2] s; ¢t > 0s, and
deduce its nature in both cases.

3) Determine the radius R of curvature.

Exercise 03
The curvilinear abscissa of a moving particle is given by the following
relationship:

S(t) = t* + 2.t%(cm).

The modulus of its acceleration is: y= 16.\/_2 (cm.s™).



1) Find the moduli of the tangential and normal accelerations, at t = 2s.

2) Deduce the radius of curvature at time t = 2s.

Exercise 04

The movement of a material point M, moving the plane (Oxy) of the basis

(?, J?), is characterized by its position vector given by:

1 2>

— > Ji
OM = (2t + 2)i +(—t2+t+—jj
2 2

1) Give the trajectory equation of a point M. What is its nature?

2) Calculate the velocity of a point M and give its modulus.

3) Calculate the acceleration of a point M and give its modulus.

4) Determine the tangential and normal acceleration components of M.

5) Deduce the radius R of curvature from the trajectory at time t=0s.



Exercise 5
The coordinates of a particle M in the reference frame (& ) with a fixed

R x(t) =2+ 4t
reference (O, i, j , k) are: | Y(t) =—22t3 and in a reference frame (# )
z(t) =t

>

> ->
with a mobile reference (O’, i j’, k’) with respect to (#) are:

x'()=t—t+2
y)=-283+1
z2(t)=t-1

> >
1 =1

. > > 2 > 2
It is assumed that: j=j’and k=k".

1) Express the velocity vector 3 in (#) and the velocity vector C in(#£").
2) Deduce the training velocity.

> >
3) Express the acceleration y in (4) and the acceleration y’ in (£ ).
4) Deduce the training and Coriolis accelerations.

Exercise 6

A relative reference R(O, xyz) is considered to rotate uniformly around the
absolute reference Ro(Oo, XoYozo) 0 that their origins O and Op and their axes
Oz and Oozo remain coincident (confused) at all times t. Which &= «t be the
angle between the axes Ox and OgXo.

Consider a bar (D) fixed in the reference R, parallel to Oz axis and passing
. — >

through the point A, where: OA = a.j (Figure 3.6)

A material point M moves on this bar according to the following relation:

—> ->
AM=¢e? k



(8]

[
=

M
e
_x )8 .
Jo Yo
X
»
Figure 3.6

1) Determine the relative velocity and acceleration of point M.
2) Find the training (drive) velocity and acceleration.

3) Calculate the Coriolis acceleration.
4) Deduce the absolute velocity and acceleration of the point M.



Exercises’ Solutions

Exercise 01

X =at
y =b.t?

1/ Determining the physical meaning of the constants a and b:

We have the hourly equations of motion: {

Using dimensional analysis, we obtain:

[X] = [a].[t] therefore : [a] = [[%]] =L.T *;then : a represents the velocity.

[y] = [b].[]? therefore : [b] = {tY]%

2/ Position, velocity and acceleration vectors:

= L.T %; s0: b represents the acceleration.

. — o > > e
The position vector OM: OM =x i +y j = (a.t).i + (b.t?).]

—_—
The velocity vector viov= dO_tM = (a).? + (Z.b.'[).}
>
. > > dy 2
The acceleration vector y: y==—=(2.h).j

3/ Equation of the trajectory:

Ix=at 1)
We have: { y = b.t )
From the relation (1) we have: t = g , replacing in (2), we get the equation

of the following trajectory: y = a% X (3)

The last equation (3) is an equation of a parable. So, the trajectory is a
parabolic arc.



Exercise 02

=_t+

1 )
2 @)

— ot

X
We have the following hourly equations: { y=

NI |

1/ Trajectory equation:
According to the relation (1), we have: t = — x +1, replacing in (2), we get

the equation of the trajectory: y = — 12

2 2

2/ Representing the trajectory in the following cases: t € [0; 2] s; > 0s.
1% case:te[0;2]s
When:t=0s,wefind: x=1andy=-2

t=2s,wefind: x=—1and y=-1
The nature of the trajectory is a segment of a straight line.
2" case: t>0's
When:t=0s, wefind: x=1and y=-2

t 2+, wefind: x ?—owand y >+

The nature of the trajectory is semi-straight line.

~.4
L

I’ case 2" case

Figure 3.9



3/ Determining the radius of curvature:

First, we find the components of velocity and acceleration:

. — > 2 > 1 >

The position vector : OM =xi +yj=(-t+1).i + (Et—Z).J
. > > 12

The velocity vector : v=——"=—i + > .

i > >
The acceleration vector : y ==—=10

We now calculate the tangential and normal acceleration:

>
By definition: y» = ﬁé\{_ﬂ : as the modulus ofg is:

||§||=« /1+l ZBZE ; therefore : r =0

Aswell as: 72 =y’ + 5’ so: w’=y? — yr’, we obtain : =0

I

2
The curvature radius is defined by: R¢ = v
N

VZ
Then: Re = — =+ .
a
Exercise 03
The curvilinear abscissa of a particle is given by: S(t) = t* + 2.t* (cm).
The modulus of its acceleration is: y = 16.\/—2 (cm.s).

1/ Tangential and normal acceleration at the instant t = 2s

Modulus of the velocity : v = s _ 3+ 4t

dt

Implies: at the instant t = 2s : v(2s) = 20 cm/s

Tangential acceleration: yr= % =6.t+4

Implies: at the instant t = 25 : y7(2s) = 16 m/s?



Normal acceleration: yy (2s)=y2— y2 = 16 cm/s’
2/ Deduction of the Rc at the instant t = 2s.

2
The radius of curvature is defined by: R¢ = v
N

Exercise 04

The parametric equations of the material point M are:

L (x=2t+2 1)
OM =

1. 1
==t +t+= 2
y=5 > (2)

1/ Equation of the trajectory of the material point M :
To determine the equation of the trajectory, we eliminate the time t :

So, according to the equation (1) we have: t = % (3)

By replacing equation (3) in equation (2), we obtain:

_1 x—22+x—2+1_12
12, x-2 1 _1 4
=373 2 T2 7 g” “)

The nature of the trajectory:

The equation (4) is an equation of a parabola, so the trajectory is a parabolic
arc.

2/ Calculation of the velocity of the material point M and its modulus:
The velocity vector is by definition:

> AN > >
vzd(g—thz.i FE+1).]

Its modulus: |V [|= 3 + (t+1)2 =€+ 2.L+ 5 m/s



Exercise 5

x(t) = 2+ 4t
The mobile M is identified in the absolute reference (%) by: { y(t) = -2t°
7(t) =12
x'()=t—t+2
And identified in the relative reference (#”) by: { y'(t)=-2+1
z’(H)=t*-1

1/ Velocity vector 3 in (&) and the velocity vector V’ in(#£° :

(v =2t 4
dt
Vi) = W =%¥=f 6
L vz:%:Zt
(v’xz%:zt—]
v lery=q vi=Gr=-ov
L vV’ :%:Z.t

2/ Training (drive) velocity Ce :

Vx=Vx+5
We have: | Wy =V’y
V: =V,

; ; . -> -> ->
According to the velocity composition law: va = vy + Ve



. > > > >

We find that: ve = va— v, =5.i

Conclusion: The relative reference (#’) moves at a constant speed of 5 m/s
about an absolute reference (4).

N
The relative reference (%) is following the unit vector i of the axis (Ox).

>
3/ Expression of acceleration vector y in the reference (# ) and

_}
accelerating vector y ’in the reference (£°) :

yx=%:2
o|ewy = 5=Sr=- 12t
7z=%:2
7’X:dc\1|/t’X:2
slery=9 =St
7’z=%:2

()

So, we notice that: 7*, (#) = ;’/

4/ Accelerations of training (drive) and Coriolis:

>
.. . .7 dve_ 7
Training (drive) acceleration: y. = e 0
>
To deduce the acceleration of Coriolis y, the law of composition of
accelerations is applied:

> > >

>
Ya= yrtyet e

>

Lo . > > > >
So: The Coriolis acceleration: .= ya — yr+ 3= 0



Exercise 6

1/ Relative velocity and acceleration:
—> > —> >
We have: OA = a.j and AM =¢e % k
The position vector in the relative reference:
OM(@ A+AM—aJ+e9k

—

> >
The relative velocity vector: v, = dOM (9 = — we 0.k
dt

—

> >

The relative acceleration vector: 3 = 4°OM |(%) = of.e .k
dr’

2/ Training (driving) velocity and acceleration:

The training velocity vector:

i j Kk
Ce dOd;;O +a)/\OM 0+0 0 w| =-wai
0 a e

The training acceleration vector:

dZOoO da)
dt? dt

/\OM+a)A(a)/\OM)

79—

> >
=0+0+

k
ol =-d’.a |
0

S o =
O O —y

.ol

3/ Coriolis acceleration:

> > >
7(;: 2((0 A Vr) = 2

o O =i
O O —y



4/ Absolute velocity and acceleration:

> > > > > > >
Wehave: va=Vvi+Ve and 2= n+ e +c

So, in the relative reference R(O, X, Y, z), we obtain :
> > > > >

Va=Vr+Ve= —wai—we %k

> > > > > >

=t ntr=—ala |+ oe’k

In the absolute reference Ro(Oo, Xo, Yo, Z0), We have:

> > > 2 > > > o
I = (cosB.ig+sinb. jy), ] =(—sinb.ig+ cosb. jo) and K= ko

Therefore:

> > > >
Va= —w.a(cosO.iy+ sinb. o) — w.e % ko
> > > >
Ja= —@’.a (—sinB.ig+ cosO. jg) + a’.e % Ko



Chapter Dynamics Of the Material I

Point

4. Dynamics of the Material Point

4.1 Definition:

Dynamics is a discipline of classical mechanics. It is the study of the causes,
which provoke the movements of solid bodies (the forces and the actions

applied).
4.2 Galilean or Inertia Reference

A Galilean or inertia reference is a referential for which a material point of
mass m is isolated; either in rest or in uniform rectilinear motion.
Any other reference at rest, or in uniform rectilinear motion in relation to an

inertia reference, is identical to an Inertia Reference.
4.3 Newton’s laws:

Newton’s laws are the basis of classical mechanics. They were postulated

without demonstration, but they are in good agreement with the experiments.



The statements of Newton’s three laws are as follows:

» Newton’s first law or principle of inertia:
In a Galilean reference, a material point remains immobile or in

uniform rectilinear motion, when the resulting force exercising on

o Z—» > > > > —
itis zero (null): Foxt =0 =>y=0 = v= cte.

» Newton’s second law or fundamental principle of dynamics:
In a Galilean reference, the variation in the amount of motion of a

material point relative to time is equal to the resulting force applied
_}
_}
to that material point: Z Fext = C:TT

. . . Z > >
This relation is also written: Fex = m.y ; if the mass of the

material point is constant.

» Newton’s third law or principle of mutual actions:
Any body A exerting a force on body B is subjected to a force of

equal intensity, of the same direction and of opposite direction,

exerted by body B. So : I;AB =— EBA.

This law is sometimes called the principle of action — reaction.

4.4 Quantity of motion:

In a Galilean reference, we consider a material point M of mass m animated

> >
by the velocity vector v. The amount of motion of the point M is the P vector

defined by the relation:

ov
1]
3
<v




According to the fundamental principle of dynamics (F.P.D), we have:
-> d_)
Z Fex = d_li:

N N > > > N
Where:Fzz‘,Fextzd—Pz—(—ZOI my)_pdv , dmy

dt dt dt o dt’
> >
. ) L 2_dP_ _dv_ > .
We can write this expression in the form: F = i m.a = m.y, if the mass
of the material point is constant during movement (%—T = 0).

4.5 Types of forces in nature

4.5.1 Remote forces:
Remote forces can be exercised without bodies being in contact. Among
which one can cite:

> > >
> Electrostatic force: F = k.q"g%u =1 .q"gz.u ; where: g; and g are the
r drep 1

electrical charges of the two particles, r is the distance between the

/
472'80

charges, & is the permittivity of the vacuum, k = =9.10°N.m?.C?is

-> >
the Coulomb constant, u is the unit vector of the force F.
. -> -> > . R
» Magnetic force: Fn = g.v A B. where: qis the electrical charge of the

-> >
moving particle, v is the velocity of the particle and, B is the magnetic
field.

» Electromagnetic force: Ié = q.(E + ; A §)_ where: qis the electrical

charge of the moving particle, C is the velocity of the particle, E is the



electric field, é is the magnetic field.

>

cMmzMm2 u, where:

>
» Universal gravitational (attraction) force: F = 7

m; and m, are masses of the two particles, r is the distance between masses,
> . . >
G=6.67. 10 N.m2.kg?, u is the unit vector of the force F.

4.5.2 Contact forces:

These forces require contact. They occur when one body is in contact with
another body. Among these forces, we distinguish mainly:
» Mechanical constraints.
Forces of friction.
The cohesion forces of matter.
Chemical bonds.

YV V VYV V

Nuclear interactions.
4.6 Kinetic moment

4.6.1 Moment of a force about a fixed point

The moment of a force IE about a fixed point A is defined by:

> > — >
Ma(F) = AB A F



' X
% Cork-Screw
\ rotation
Figure 4.1: Moment of a force about a point

Where: B is any point in the line of action of the force E

By the properties of the vector product, the moment vector is perpendicular

> —>
to both the force F and the vector AB. Its orientation is given by the Cork-
Screw rule.

4.6.2 Moment of a force about an axis

The moment of a force F about an oriented axis (A) is defined by:

> > > > > — >
Mu(F) = u.Ma(F) =u. (AB A F)

>
Where u is the unit vector of the axis (A).



M (F)4_ F

Figure 4.2: Moment of a force about an axis
_>
The moment of a force F about an axis is therefore a scalar magnitude.
4.6.3 Kinetic moment about a fixed point
The kinetic moment of a material point M, about a fixed point A of space

marked by EA, is the moment of its quantity of motion B It is given by the

following relation:

> — >
La=AM A D

4.6.4 Kinetic moment theorem
In a Galilean reference, the derivative with respect to time of the Kinetic
moment about a fixed point A, is equal to the moment about a point Aof the

resultant of the external forces applied to the point M.

% = |\7|A(Z I_:’ext)




Demonstration:

- — > — >
dia_dAMAp)_ |dAM o AMA%%

dt dt dt
—[dOM 7| _ |dOA ap
el p e AP+ AM A
Knowing that: Edii)t A Ej = 3 A m.c = 5

The points O and A are fixed, OA is a constant vector, its derivative about a

d

According to the quantity of motion theorem:

[m A %3—] AM A Z Fext ; SO : d(;'tA =dAM~p) AM /\ MA(Z Fext)

time is zero (null), so: (dOA 5] = 5

Notes:

Ed Z > _— > . R R
— If: Ma(Ly Fex) = cte = The motion is a central acceleration plane

and the point A is the center of the accelerations.

> Z > > . . .
— If: Ma(Zy Fex) = 0 = The motion is rectilinear, the trajectory of

the material point is a straight.



Summaries of Exercises

Exercise 01

In the plane (Oxy) of the Galilean point R(O, xyz), we are interested in the

>
movement of a particle A, of mass m, subject to the action of the force F.

The movement is described in Polar coordinates (o and ¢) and using the
. R . > > >
Cylindrical basis (u,, Ug, Uy).

1) Determine the components of the ;(A)/R acceleration based on p, #and

their derivatives.

2) Show that: p2.0 = C (considering C, constant of areas).
3) a— Express the kinetic moment of A at point O: ITAO(A)/R.
b— Show that this kinetic moment I\+/Io(A)/R is preserved and deduce

from it that its modulus can be written: ||h7lo(A)/R |=m.20=mC

Exercise 02

A particle M of mass m is moving in a plane (xQy). This particle is subject to
> > > —>
two forces F1 = m.v and F, =— 2.0M.

1/ In the Polar coordinates system of the basis (Gp, Gg).
— Find differential equations of the movement of the particle.
— Given that: at the instant t = 0: p = A, and assuming that: 0 = ot
where : @ and A are constants. Show that the hourly equation of

motion is given by: p= A.e*



2/ Using the kinetic moment theorem :

—  Find the hourly equation of motion: p= A.e%.

Exercise 03
A mobile M of a mass m =150 g, can slide on a curvilinear (semi-circle)
trajectory, the shape of which is shown in Figure 4.3 ; the movement takes
place in a vertical plane. The mobile M is launched in A with zero (null)
velocity va = 0 m/s and directed downward. It slides without friction or
motor action.

We give : the radius of the semi-circle R = 1,36 m, g = 10 m/s%

AV

A
M
0
R
> X

o

Figure 4.3

Answer the following questions using the following two methods:
I- The fundamental principle of dynamics (F.P.D)
I1— The kinetic moment theorem (K.M.T)
a) Study the movement of the mobile in the Serret-Frenet basis.
b) Find the expression of velocity, as well as the reaction force of the
trajectory.
¢) Find the position where the mobile leaves the circular trajectory.

d) Then calculate the speed of the mobile at this position.



Exercises’ Solutions

Exercise 01
) >
1/ Components of the acceleration ©{A)r:
R . > >
In basic Polar coordinates system (u,, U) :
—> -> .
We have: (OA)r= p.u, (the position vector)

-> do—'& .« > « > ;
And : v(A)r = “dt = p.u, +p.6.Uy (the velocity vector).

Which produces the acceleration vector:
- .o . -> . oe >
AR = (0 = pO°)u, +(200 + pO).us

2/ Showing that: 0.0 = C:

> >
The movement is central, so: F = F(p).u,

By applying the fundamental principle of dynamics (F.P.D) to point A, we

will have: m. (A)r = F(0) = F(p).U,
Which implies that: (o — p82) = F(p) (1)
(2p0 +p0)=0 )

(2) implies: Z. %(pz'a):o = p89=Cte =C
yel

>
3/ a— Kinetic moment from A to point O: Mo(A)r :

. . > —> -> . >
The kinetic moment Mo(A)r = OA A m.V(A)r = m.p2%6. U,



b/ Showing that the kinetic moment I\7Io(A)/R is conserved:
On the other hand, as:

d (> — > > > >
a Mo(A)r) = OA A m.;x(A)/R = p.Up A F(p).up =0

. > —
We find that: Mo(A)r = Cte
Then, the kinetic moment is conserved (constant).

Having: [Mo(A)r| = m.2.d

It is further inferred that: /2.0 = JIMA?T]M =Cte=C.

Exercise 02

A A > -> > —>
A particle M subjected to two forces F1 =m.v and F, = - 2.0M.
1/ Differential equations of particle motion:

Using the fundamental principle of dynamics:
Z > > > > >
Fex=my ; So: F1+ F,=my 1)

> > ->
We can write the two forces Fi, F, and the acceleration , in the Polar basis

> >

(Up, Up)

> . > . >

Fi=m(p.U, + p.6. Up) 2)
> >

F.= —2.p. U, (3)
-> .o *2 -> .o ee >

7= (p —p0 u, +2p0+ pb) uy 4)

By replacing equations (2), (3) and (4) in equation (1), we obtain:

. -> .« > .e . -> . ee >
M.p—2p), +mM.p.0Us = (p— pO?) u, + (2p0+ pb) Uy



So, we have two equations: radial and ortho-radial, which are:
m.p—2p=m(p—pd?) (the radial equation)

{ m.p.0 = m@2p@+ pd)  (the ortho-radial equation)

Knowing that: 0= st = 0 = = 6=0.

We will find the differential equations of the motion of the particle M:

m.p—2p =m(p— ph? ®)
p=2p (6)

Showing that the hourly equation of motion is given by:
p=Ag":
To find the hourly equation of motion, we look for the solution of the
differential equation (6).
We have: p = 2p= 2.%1?: p = 42 - 5 gt 7)
yo)
We integrate the equation (7) :
JQ'Q:Zfdt —Inp=2t+Ink = p= ke ?
o)
Based on the initial conditions: at the instantt=0: p=A=k=A
We will find the hourly equation of the movement: p= A.e %
2/ Hourly equation of movement p = A.e?, using the kinetic moment

theorem:

By definition, the kinetic moment theorem is :
dL" - Mo Fuc) = 25 OM A P

Also, we have the relation of the kinetic moment : Lo OM A mv

> > . > . > . >
Then : Lo = p.u, A m(p.u, + pB.ug) = m.A~0.u,



S0: —°= 2.m.a).p.g£.az (8)

We have two forces exerted on the particle, so we have two moments of

force:

—> > > . > . > >

OMAFL=pu,A (m(p.u,_-, + p@.ua)) = map’.u; )
— > > > >

OM A F2= puup, A (2p.Uy)= 0 (10)

If equation (8) = equation (9), then:

dpl = U _dp _dp_
2.m.a).p.dt.uz Mo’.U; = 2.0 o = , 2.dt
By integrating the previous relation, we find:

fg'gzzfdt: Inp=2t+Ink = p=ke? = p=Ae?
P

So, we got the same previous result.

Exercise 03

1/ Using the fundamental principle of dynamics:

a/ Study of movement of mobile M:

Figure 4.10



>
The mobile M of mass m is subject to two forces: its weight P and the

reaction of the support N
The basic principle of dynamics is applied:

> > > > >
ZFextzmy =>P+N=my 1)

> > >
The forces P, N and the acceleration y, can be written in the intrinsic

coordinates system (Serret-Frenet basis) (see Figure 4.10) , as follows:

( > A > >
P = mg.sin6.ur + mg.cosé.un
- >

< N =—N.un
-> dV_’ V2 >

= =—ur +—.u

Pt TR

\

By replacing the expressions of I3 ﬁ and ;/in the relation (1), we obtain:

A -> -> dV_’ VZ >
mg.sinf.ur + (mg.cosd—N).uy = m.a.uT + m.ﬁ Un 2

According to the relation (2), we have two equations:

The tangential equation: mg.sind = m'?j_\t/

dv

=t

=g.siné (3)

2
The normal equation: mg.cosd— N =m. Vﬁ

N V2
= g.cosé R (@)

b/ Velocity expression:

According to the tangential equation (3), we have: ((jj—\t' =g.sind



do dt =g.sinéd ;
Where: it % R
vdv _
So Rd0 =g.siné
= v.dv =R.g.sin6.déd (5)

Integrating the relation (5) :
0 . 2 2
J Y Vv :R.g.J sin6.dé :VE: R.g.[- cosd]! = VE: R.0.(1 - cosd)
0 0

So, the velocity of the mobile is given by the expression:
=~[2R.g(1 - cos6) (6)
Determining the relation of the reaction force N :
By replacing the equation (6) in (4), we get the expression of the reaction
force N :
N = mg.(3cosd- 2)
¢/ / Position of the mobile when leaving the trajectory:
The mobile leaves the circular trajectory when: N = 0.
According to the relation of the reaction force, we have:

mg.(3cosfd—2) =0 = (3cosf—2) =0 = cosf = % from where : = 48°
Therefore, the mobile leaves the trajectory if the angle 6= 48°

11/ Using the kinetic moment theorem :
a/ Study of the movement of the mobile:

By definition, the kinetic moment theorem is :

d'—" = Mo(DL Fo) = D OM A Foc



- - - - - _) _> _>
As well as, the kinetic moment relation, whichis Lo=OM A P

> — > > > >
S0: Lo=OM A mv =—R.Un A MV.Ur = Rm.v.u, @)

If we derive the expression (7), we obtain:

_)
dlo_ p mavy
m Rmdt 2 8

We have two forces exercised on the mobile, so we will have two
—> > -> . -> >
moments of force: OM A P = —R.un A \mg.siné.ur +mg.cosé.un

— > i >
OM A P =R.m.g.sin6.u, 9)

>

— > > >
OMAN=-RuvA Nun=20 (10)
b/ Velocity expression:

According to relations (7), (8) and (9), we will have:

dv _ avde _ .o,
pm g.sin@ jdedt =g.sind ;
do_ v
Wh ==
ere: e 0 R
Hence: %g—g—gsme = v.dv =R.g.sin6.dd (11)

If we integrate the relation (11) :

j Y v.dv :R.g.f 0 sing.dé@
0 0

V;=Rg[—cos¢9]O :>?—Rg(1 cos6)

Then the velocity of the mobile will be: v = \/2.R.g(1 —cos8)

Determining the relation of the reaction force N:

By replacing equation (6) in (4), we obtain: N = mg(3cosfd— 2)



c/ Position of the mobile when leaving the trajectory:

The mobile leaves the surface when: N =0 ; so: cos@= % where: = 48°

d/ Calculation of the velocity when the mobile leaves the trajectory:

The result of the velocity is:

v=1/2R.g(7-co0s8)= /2. 1,36. 10(1— cos48°) =2 m/s




