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8x; y 2 R; xRy ” F$N2.x/ C N4(2.y/ D 1:

KD$S hD@h R 4N @( b*;4-@Bb(Fb vbB@h4$(B

AL[+2lLrs

,@$ [O>OwlLl2m/ 8x 2 R` J$bN xRx D$BJ"

F$N2.x/ C N4(2.x/ D 1 ) xRx:

,n$ AmKKO2Km/ 8x; y 2 R` 4H xRy` J$bN yRx D$BJ"

xRy ” F$N2.x/ C N4(2.y/ D 1

” 1 � N4(2.x/ C 1 � F$N2.y/ D 2 � .N4(2.x/ C F$N2.y//

” F$N2.y/ C N4(2.x/ D 1

” yRx:

Im



x+
^X

vm
]^

Ev
|>

3B K$B;h4$(N $H E;h$v4@B ]3bvF4NbN ,3$/ |B >]K>+hK |B |P|x[v

,F$ KKtrOl2lLl2m/ 8x; y; z 2 R` 4H xRy @(J yRz` J$bN xRz D$BJ"

cb D@-b`

xRy ” F$N2.x/ C N4(2.y/ D 1 ,I$
yRz ” F$N2.y/ C N4(2.z/ D 1 ,3$

Xv$O ,I$/ N4(2.y/ D 1 � F$N2.x/

Xv$O ,3$/ F$N2.y/ D 1 � N4(2.z/

b;h @BN$ Hv$O ,I$/ F$N2.x/ D 1 � N4(2.y/

K;nNh4h;h4(T`

F$N2.x/ C N4(2.z/ D .1 � N4(2.y// C N4(2.z/

D 1 � N4(2.y/ C N4(2.z/

D 1 � .1 � F$N2.y// C N4(2.z/

D F$N2.y/ C N4(2.z/

D 1 ,Hv$O ,3$$
) xRz:

`;N`
R 4N @( b*;4-@Bb(Fb vbB@h4$(B

swOK%lOO $MGs
>bh R nb @ vbB@h4$( $( N� Jb8(bJ nǹ
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ei�
D F$N � C i N4( �; z D rei�

D jzjei @vT.z/:

qLK.KOeOrOlLO KKl7LrLKO2Kl% fKtKO#LKw

N"Or2l2m .s pm2et7LKOtr fL+r"t2lLr\

N4(2 � C F$N2 � D 1

1 C h@(2 � D NbF2 �

1 C F$h2 � D FNF2 �:

N"Or2l2m $s <r7[O qLK.LOl2lLr 2t#O\

N4(.˛ ˙ ˇ/ D N4( ˛ F$N ˇ ˙ F$N ˛ N4( ˇ

F$N.˛ ˙ ˇ/ D F$N ˛ F$N ˇ � N4( ˛ N4( ˇ

h@(.˛ ˙ ˇ/ D
h@( ˛ ˙ h@( ˇ

1 � h@( ˛ h@( ˇ
:

N"Or2l2m Gs ;+[2l.[O <r7[O [O[t2lLrO\

N4(.2�/ D 2 N4( � F$N �:

F$N.2�/ D F$N2 � � N4(2 � D 2 F$N2 � � 1 D 1 � 2 N4(2 �:

N"Or2l2m 8s pL#OK [O"+%2lLr fLKK+[tO\

N4(2 � D
1 � F$N.2�/

2
; F$N2 � D

1 C F$N.2�/

2
:

mm



x+
^X

vm
]^

Ev
|>

qB K$B;h4$(N $H E;h$v4@B ]3bvF4NbN ,q$/ |B >]K>+hK |B |P|x[v

yOLKOK 8MG xjO ;LlLKObOyOLKOK Y f+r"tKOr2t[ pL#OK 2t#Ls
X$v @(n 4(hbTbv k 2 Z @(J � 2 R` Sb D@-b`

.F$N � C i N4( �/k
D F$N.k�/ C i N4(.k�/; .rei�/k

D rkeik� :

yOLKOK 8M8 xqLK.[Ow <Kl2eKO2l% lr pL[tK qLLK"lrt2OOLs
X$v z1 D r1e

i�1 ` z2 D r2e
i�2 S4hD z2 ¤ 0` Sb $nh@4(`

;+[2l.[l%t2lLrs z1z2 D r1r2e
i.�1C�2/:

jlLlOlLrs
z1

z2

D
r1

r2

ei.�1��2/:

;L"+[+O pKL.OK2lOOs jz1z2j D jz1jjz2j;

ˇ̌̌̌
z1

z2

ˇ̌̌̌
D

jz1j

jz2j
:

<K7+KOr2 pKL.OK2lOOs @vT.z1z2/ D @vT.z1/ C @vT.z2/; @vT
�

z1

z2

�
D @vT.z1/ � @vT.z2/

@vT.z/ D � @vT.z/; @vT
�
zk
�

D k @vT.z/:

swOK%lOO 8M. x;L"+[+O tr" <K7+KOr2 qLK.+2t2lLrLs
x$O;;hb hDb O$J;B;N @(J ;v4(F4;@B @vT;Ob(h H$v̀

z1 D 1 C i; z2 D 1 � i; z3 D 1 C i
p

3; z4 D
1 C i

p
3

1 � i
:

e-gp\h-0^

qtOO .s fLK z1 D 1 C i \

cb nbT4( nn 4Jb(h4Hn4(T hDb vb@B @(J 4O@T4(@vn F$O;$(b(hN`

x1 D 1; y1 D 1:

`b( Sb F$O;;hb hDb O$J;B;N`

r1 D

q
x2

1 C y2
1 D

p
12 C 12 D

p
1 C 1 D

p
2:

^b3h` Sb JbhbvO4(b hDb hv4T$($Obhv4F v@h4$N`

F$N �1 D
x1

r1

D
1

p
2

D

p
2

2
; N4( �1 D

y1

r1

D
1

p
2

D

p
2

2
:

^$S Sb @(@Bn{b hDb *;@Jv@(h`

F$N �1 > 0; N4( �1 > 0 ) X4vNh *;@Jv@(h:

cb 8(J hDb vbHbvb(Fb @(TBb`

�vbH D
�

4
,N4(Fb F$N

�

4
D N4(

�

4
D

p
2

2
$B

mq



x+
^X

vm
]^

Ev
|>

`bvbH$vb` hDb ;v4(F4;@B @vT;Ob(h 4N`

�1 D �vbH D
�

4
:

[b(Fb`

jz1j D
p

2; @vT.z1/ D
�

4
C 2k�; k 2 Z:

qtOO $s fLK z2 D 1 � i \

cb 4Jb(h4Hn hDb F$O;$(b(hN`

x2 D 1; y2 D �1:

`b( Sb F$O;;hb hDb O$J;B;N`

r2 D

p
12 C .�1/2 D

p
1 C 1 D

p
2:

^b3h` Sb ;bvH$vO hv4T$($Obhv4F @(@BnN4N`

F$N �2 D
1

p
2

D

p
2

2
; N4( �2 D

�1
p

2
D �

p
2

2
:

^$S Sb JbhbvO4(b hDb *;@Jv@(h`

F$N �2 > 0; N4( �2 < 0 ) X$;vhD *;@Jv@(h:

cb 8(J hDb vbHbvb(Fb @(TBb`

�vbH D
�

4
:

`bvbH$vb` hDb ;v4(F4;@B @vT;Ob(h 4N`

�2 D ��vbH D �
�

4
:

[b(Fb`

jz2j D
p

2; @vT.z2/ D �
�

4
C 2k� � �

�

4
C 2�„ ƒ‚ …

D
7�
4

C 2k�; k 2 Z:

HbhD$J 3/

cb D@-b`

z2 D z1 H) @vT.z2/ D @vT.z1/ D � @vT.z1/ D �
�

4
C 2k�; k 2 Z:

qtOO Gs fLK z3 D 1 C i
p

3\

mT



x+
^X

vm
]^

Ev
|>

qB K$B;h4$(N $H E;h$v4@B ]3bvF4NbN ,q$/ |B >]K>+hK |B |P|x[v

cb 4Jb(h4Hn hDb F$O;$(b(hN`

x3 D 1; y3 D
p

3:

`b( Sb F$O;;hb hDb O$J;B;N`

r3 D

q
12 C .

p
3/2 D

p
1 C 3 D

p
4 D 2:

^b3h` Sb ;bvH$vO hv4T$($Obhv4F @(@BnN4N`

F$N �3 D
1

2
; N4( �3 D

p
3

2
:

^$S Sb JbhbvO4(b hDb *;@Jv@(h`

F$N �3 > 0; N4( �3 > 0 ) X4vNh *;@Jv@(hB

cb 8(J hDb vbHbvb(Fb @(TBb`

�vbH D
�

3
,N4(Fb F$N

�

3
D

1

2
; N4(

�

3
D

p
3

2
$B

`bvbH$vb` hDb ;v4(F4;@B @vT;Ob(h 4N`

�3 D �vbH D
�

3
:

[b(Fb`

jz3j D 2; @vT.z3/ D
�

3
C 2k�; k 2 Z:

qtOO 8s fLK z4 D
1 C i

p
3

1 � i
\

cb nbT4( S4hD O$J;B;N F$O;;h@h4$(`

jz4j D
j1 C i

p
3j

j1 � i j
D

q
12 C .

p
3/2p

12 C .�1/2
D

2
p

2
D

p
2:

`b( Sb F$O;;hb hDb @vT;Ob(h`

@vT.z4/ D @vT.1 C i
p

3/ � @vT.1 � i/ D
�

3
�

�
�

�

4

�
D

�

3
C

�

4

D
4� C 3�

12
D

7�

12
:

`bvbH$vb`

jz4j D
p

2; @vT.z4/ D
7�

12
C 2k�; k 2 Z:

m'



x+
^X

vm
]^

Ev
|>

swOK%lOO 8M$ x<[7O"Ktl% fLKK KKtrOVLKKt2lLrLs
]3;vbNN b@FD F$O;Bb3 (;Onbv 4( F@($(4F@B H$vO x C iy`

,@$
p

2 � i � i.1 � i
p

2/`

,n$ .2 � 3i/.�2 C i/`

,F$ .1 � i/.2 � i/.3 � i/`

,J$
4 C 3i

3 � 4i
`

,b$
1 C i

i
C

i

1 � i
`

,H$
1 C 2i

3 � 4i
C

2 � i

5i
`

,T$ .1 � i
p

3/�10 `

,D$ .�1 C i/7 B

?v$-b hDb 4Jb(h4hǹ
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xRy ” f .x/ D f .y/:

IB KD$S hD@h R 4N @( b*;4-@Bb(Fb vbB@h4$(B

3B K$B-b hDb b*;@h4$( f .x/ D f .y/ @(J 8(J @BB ;$NN4nBb vbB@h4$(ND4;N nbhSbb( x @(J yB
KI@h*X X&%*Yr f .x/ � f .y/Lz

mB mbhbvO4(b hDb b*;4-@Bb(Fb FB@NNbN Œx�B

i X$v SD4FD -@B;bN $H x J$bN hDb FB@NN F$(h@4( O$vb hD@( $(b bBbOb(h"

qB mbNFv4nb Tb$Obhv4F@BBn hDb b*;4-@Bb(Fb FB@NNbN 4( hbvON $H hDb NnOObhv4bN $H hDb Tv@;D $H
f .x/B

AL[+2lLrs

IB ]*;4-@Bb(Fb vbB@h4$(B

cb -bv4Hn hDb hDvbb ;v$;bvh4bN/

@$ [O>OwlLl2ms X$v @(n x 2 R` Sb D@-b f .x/ D f .x/` N$ xRxB [b(Fb`

R 4N vbxb34-bB

n$ AmKKO2Kms vH xRy` hDb( f .x/ D f .y/` N$ f .y/ D f .x/` Db(Fb yRxB `;N`

R 4N NnOObhv4FB

F$ KKtrOl2lLl2ms vH xRy @(J yRz` hDb( f .x/ D f .y/ @(J f .y/ D f .z/` N$ f .x/ D f .z/`
Db(Fb xRzB `;N` R 4N hv@(N4h4-bB

R 4N hv@(N4h4-bB

K4(Fb R 4N vbxb34-b` NnOObhv4F` @(J hv@(N4h4-b` 4h 4N @( b*;4-@Bb(Fb vbB@h4$(B

.T



x+
^X

vm
]^

Ev
|>

.B [$ObS$vY ,KICKq$ ,S4hD H;BB N$B;h4$(N$

3B K$B;h4$(N $H f .x/ D f .y/ } LbB@h4$(ND4;N nbhSbb( x @(J y

cb F$O;;hb`

f .x/ � f .y/ D .x4
� 6x2

C 5/ � .y4
� 6y2

C 5/ D x4
� y4

� 6.x2
� y2/:

X@Fh$v̀
x4

� y4
D .x2

� y2/.x2
C y2/; N$

f .x/ � f .y/ D .x2
� y2/.x2

C y2/ � 6.x2
� y2/ D .x2

� y2/.x2
C y2

� 6/:

`;N`
f .x/ D f .y/ ” .x2

� y2/.x2
C y2

� 6/ D 0:

`4N T4-bN hS$ F@NbN`

,4$ x2
� y2

D 0 H) x2
D y2

H) x D y $v x D �y;

,44$ x2
C y2

� 6 D 0 H) x2
C y2

D 6:

`bvbH$vb` hDb N$B;h4$(N @vb`

x D y $v x D �y $v x2
C y2

D 6

mB ]*;4-@Bb(Fb FB@NNbN Œx�B

`b b*;4-@Bb(Fb FB@NN $H x 4N`

Œx� D fy 2 R j f .x/ D f .y/g

D fy 2 R j x D y $v x D �y $v x2
C y2

D 6g:

i cb @(@Bn{b hDb Nhv;Fh;vb $H Œx� nn F$(N4Jbv4(T J4ebvb(h F@NbN/

Y vH x2 > 6` hDb( x2 C y2 D 6 D@N ($ vb@B N$B;h4$( H$v yB K$ hDb $(Bn vbB@h4$(N F$Ob
Hv$O x2 D y2` N$ y D x $v y D �xB b;h ($hb/ 4H x2 > 6` hDb( x ¤ �x ,;(BbNN
x D 0` n;h 02 D 0 < 6$B K$ H$v jxj >

p
6` Sb D@-b

Œx� D fx; �xg:

Y vH x2 D 6` 4BbB` x D
p

6 $v x D �
p

6` hDb(`

f .x/ D 36 � 36 C 5 D 5;

f .y/ D 5 ) y4
� 6y2

C 5 D 5

) y4
� 6y2

D 0 ) y2.y2
� 6/ D 0

) y D 0 $v y D ˙
p

6:

K$
Œx� D f0;

p
6; �

p
6g:

Y vH 0 < jxj <
p

6` hDb( x2 C y2 D 6 T4-bN y D ˙
p

6 � x2B |BN$` x2 D y2 T4-bN
y D ˙xB K$ Sb D@-b H$;v ;$hb(h4@B J4Nh4(Fh (;OnbvN`

x; �x;
p

6 � x2; �

p

6 � x2:

[$Sb-bv̀ ($hb hD@h 4H x2 D 3` hDb(
p

6 � x2 D
p

3 D jxj` N$ hDbvb 4N $-bvB@;B
K;bF48F@BBn/

.'



x+
^X

vm
]^

Ev
|>

z vH x2 D 3` hDb( x D ˙
p

3` @(J hDb(
p

6 � x2 D
p

3 D jxj;

N$ hDb Nbh nbF$ObN
f
p

3; �
p

3g:

z vH x2 ¤ 3` hDb( hDbNb H$;v (;OnbvN @vb J4Nh4(FhB K$ H$v 0 < jxj <
p

6 @(J
jxj ¤

p
3` Sb D@-b

Œx� D fx; �x;
p

6 � x2; �

p

6 � x2g:

Y vH x D 0` hDb( f .0/ D 5B `b( f .y/ D 5 T4-bN

y4
� 6y2

D 0 ) y2.y2
� 6/ D 0 ) y D 0 $v y D ˙

p
6:

K$
Œ0� D f0;

p
6; �

p
6g:

^$S` H$v SD4FD x J$bN hDb FB@NN F$(h@4( O$vb hD@( $(b bBbOb(h" Xv$O hDb @n$-b` Sb Nbb hD@h
H$v b-bvn x 2 R` hDb FB@NN Œx� D@N @h Bb@Nh hS$ bBbOb(hNB v( H@Fh`

i vH jxj >
p

6` hDb( Œx� D fx; �xg ,hS$ bBbOb(hN$B

i vH jxj D
p

6` hDb( Œx� D f0;
p

6; �
p

6g ,hDvbb bBbOb(hN$B

i vH 0 < jxj <
p

6 @(J jxj ¤
p

3` hDb( Œx� D@N H$;v bBbOb(hNB

i vH jxj D
p

3` hDb( Œx� D f
p

3; �
p

3g ,hS$ bBbOb(hN$B

i vH x D 0` hDb( Œ0� D@N hDvbb bBbOb(hNB

K$ b-bvn b*;4-@Bb(Fb FB@NN D@N @h Bb@Nh hS$ bBbOb(hNB

qB ;b$Obhv4F 4(hbv;vbh@h4$(

v( H@Fh` hDb b*;4-@Bb(Fb vbB@h4$( 4Jb(h48bN ;$4(hN hD@h @vb NnOObhv4F S4hD vbN;bFh h$ hDb yE@34N
,N4(Fb f 4N b-b($ @(J @BN$ 4Jb(h48bN ;$4(hN $( hDb F4vFBb x2 C y2 D 6 ,SD4FD 4N NnOObhv4F
@n$;h n$hD @3bN$B `b Tb$Obhv4F 4(hbv;vbh@h4$( 4N hD@h hDb b*;4-@Bb(Fb FB@NNbN @vb hDb NbhN $H
;$4(hN hD@h @vb O@;;bJ h$ hDb N@Ob -@B;b nn f ` @(J hDbNb NbhN @vb NnOObhv4F ;(Jbv vbxbFh4$(N
@n$;h hDb yE@34N @(J v$h@h4$(N nn 180ı @n$;h hDb $v4T4( ,J;b h$ hDb x2 D y2 F$(J4h4$($ @(J
@BN$ 4(FB;Jb ;$4(hN $( hDb F4vFBb $H v@J4;N

p
6B

swOK%lOO OMGs
>bh R nb @ vbB@h4$( $( R Jb8(bJ nǹ
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