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Exercise 1:
Let h : R* — R3 be the map defined by

x X+y+z
h )z) =| x+ay+bz |,
p X+y+z+t

where a, b € R are parameters.

(1) Prove that 4 is linear.

(2) Determine ker 2 and Im /. Give a basis for each. (The answer may depend on a and b.)

(3) Compute Nullity(/#) and Rank(%). For which values of @ and b is & injective? Surjective? Justify.

(4) Determine whether / is an isomorphism. Justify.

(5) Repeat Questions 1-4, providing full computations, in the following cases,a = b = landa = —1,b = 6.

Exercise 2:
Consider the following system of three linear equations in three unknowns, depending on parameters o, f € R:

X1 — X2 =qQ,
X1 —x3+x3=p,
X1+ 2x2 +x3 = 1.

(1) Write the system in matrix form Ax = b, specifying 4, x, and b.
(2) Compute det A. Is the system uniquely solvable for all o, 82 Justify.
(3) Use Cramer’s rule to find x1, x5, x3 in terms of & and .

(4) Determine A~! and verify that (x1, x5, x3)7 = A7'h.

(5) Repeat Questions 1-4, providing full computations, in the following cases,« = 1, = —landa = 3,8 = —1.
Exercise 3:
Let
p+tq  —q 0
A=\ -9 p+2¢ - |, pqeC
0 -4 ptg
and define
1 1
u; = 1 s Uy = 0 s Uz = -2
—1 1

(1) Prove that {u,us,u3} is a basis of C3.

(2) Show that uy,u», us3 are eigenvectors of A (i.e. Au; = Aju;, i =1,2,3).
(3) Determine all eigenvalues of 4 (ie. A;, i = 1,2, 3).

(4) Deduce the characteristic polynomial of 4 (i.e. P4(1) = det(4 — A[3)).
(5) Compute D = P~'AP where P = (u; uz u3).

”Stay calm, think wisely, and succeed!”



Solution 1:
We analyse the properties of / in full generality, then apply the results to two specific pairs of parameters.

1. Linearity

Take arbitrary vectors
X1 X2

U= ' v = ya € R*, AeR.
Z1 Zy

Additivity,

X1+ X
yi+y2
Z1+ 22
nh+n

u—+v=

s

(x1 +x2) + (Y1 +y2) + (21 + 22)
h(u +v) = (x1 +x2) +a(y1 + y2) + b(z1 + z2)
(x1 +x2) + (V1 + y2) + (21 + 22) + (11 + 12)

(x1+y1+21) + (x2 + y2 + 22)
= (x1 +ay1 +bz1) + (x2 + ayz + bzz)
(x1+y1+z1+0n)+ G2+ y2+22+ 1)

= h(u) + h(v).

Homogeneity,

Ax 1
Ayi
Az 1 ’
Atq

Au

Axy 4+ Ay1 + Azq X1+ y1+ 21
h(Qu) = | Axy +aAy) +b(Az)) | = A | x1 +ay1 +bz1 | = Lh(u).
)Lxl—i—kyl—}—A.Zl—}—A.ll X1+y1+z1+14n

Hence £ is a linear map for everya, b € R.

2. Kernel of /1

X+y+z 0
=| x+ay+bz | =10
X+y+z+t 0

Ker(h) = eR* | h

~ N < =
~ N < =

This yields the homogeneous system
x+y+z=0 (1)
x+ay+bz=0 (2)
x+y+z+1=0 (3)
From (1) and (3) we immediately obtain = 0. From (1) we have x = —y — z. Substituting into (2) gives

(—y—2)+ay+bz=0 = (@—-Dy+OB-1)z=0.

We distinguish four cases based on the values of @ and b.

o Casel,a =1, b = 1. Equation (4) is 0 = 0; it imposes no restriction. Hence

-y —z —1 —1
Ker(h) = )z} v,z € R§ = Span (1) , (1)
0 0 0

Linear independence check

(4)



Let A1, A» € R such that,

-1 -1
1 0
A1 0 + A2 1| = Op —g4-
0 0
This yields,
A1 —A>,=0
A1 =0 — A=A, =0. (0.1)
Ay =0
-1 -1
.. 1 0
A basis is Bger = NE 1
0 0

Case2,a = 1, b # 1. Then (4) becomes (b — 1)z = 0, and since b — 1 # 0 we get z = 0. Consequently x = —y and¢t = 0.
—y —1
Ker(h) = g y € R; = Span
0

S O =

Basis, Byer =

S O =

Case3,a # 1, b = 1. Now (4) gives (@ — 1)y = 0, whence y = 0. Sox = —zand¢ = 0.

—Zz -1
Ker(h) = g z € Ry = Span (1)
0 0
-1
Basis, Byer = (1)
0
Case4,a # 1, b # 1. From (4) we solve for y,
b—1
= — z.
Y a—1
Then
b—1 b—a
XxX=—-y—z= z—z= z
a— a—1
Thus
b—a
o
Ker(h) = 4z Ce T eRY = Span —-1
1 a—1
0
0
b—a
Basis, Bger = _Ezb—_ll)

0



Image of /1

By definition,

Img(h) = {h

X+y+z 1 1 1 0
=| x+ay+bz |=x|1]|+yla]|l+z|b]|+1]0 x,y,z,t €R
X+y+z+1t 1 1 1 1
1 1 1 0
=Spanqw;=|1], wy=\|al, ws=|b], wyg=|{0
1 1 1 1

We determine a maximal linearly independent subset. Consider the equation

~ N =

Awy 4 Arwy + Azws + Aqws = Os,
which componentwise reads
AM+A2+243=0 ()
A +ar, +bA3 =0 (II)
AMA+A+A3+A=0 (II])
From (I) and (IIT) we get A4 = 0. Subtracting (I) from (II) yields

(a—DA+ (B —-1A3 =0. (Iv)
o Subcase A, (a,b) # (1,1). We show that three of the vectors are always linearly independent, hence dim Img(#) = 3 and
Img(h) = R3.
- Ifa # 1, consider {w1, wa, w4}. Setting A1 w1 + Arw2 + A4wys = O gives
A1+ A =0,
A +aky, =0,

A+ A2+ A4 =0.
From A, = —A; and (1 —a)A; = 0 we obtain A; = 0 (sincea # 1), hence A, = A4 = 0.

- Ifa = 1but (a,b) # (1, 1), then necessarily b # 1. The set {w;, w3, w4} similarly gives A; = 0 and consequently all
A =0.

Therefore Img(/) = R3; any basis of R (for instance the standard basis) is a basis of the image.

o Subcase B,a = 1 and b = 1. Equation (IV) disappears and (I) simply reads A1 + A, + A3 = 0. Thus w; = w, = w3, and the
only independent vectors are w; and w4. Hence

1 0
Img(h) = Span{w;, ws} = Span {(1) , (O)} .
1 1
1 0
ML +22]0] =0p—ps.
1 1

Ar=0
{/\2=0 1=42 (0.2)

Linear independence check

Let A1, A2 € R such that,

This yields,

1 0
A basis is By = 11.10];.
1 1



3. Nullity, rank, injectivity, surjectivity

From the kernel analysis,

2, a=b=1,

Nullity(h) = dim Ker(h) = .
1, otherwise.
By the Rank-Nullity Theorem, dim Ker(/) + dim Img(h) = dim R* = 4, therefore

2, a=b=1,

Rank(%) = dimIm(h) =
ank(k) im Im(k) {3, otherwise.

« Injectivity, & is injective iff Ker(h) = {0}. Since dim Ker(%) > 1 for all a, b, the map is never injective.

« Surjectivity, / is surjective iff Im(#) = R3 (i.e. Im() € R> and rank(h) = 3). This occurs precisely when (a, b) # (1, 1). For
a = b = 1 the map is not surjective.

4. Isomorphism

A linear map is an isomorphism iff it is simultaneously injective and surjective. Because injectivity always fails, / is not an isomorphism
for any choice of a, b € R.



For completeness we solve the case ¢ = b = 1 independently and check consistency with the general results. 1. Linearity

Take arbitrary vectors

X1 X2
u= |1, v=|"2|eRr4, A eR.
Z1 Zy
151 1)
Additivity,
X1+ X
_ i+
utv= zZ1+ 2z |’
hh+ 1t
(x1 + x2) + (y1 + y2) + (21 + 22)
h(u +v) = (x1 +x2) + (1 + y2) + (21 + 22)
(x1+x2) + (1 + y2) + (21 + 22) + (11 + 12)
(x1+y1+21) + (x2+ y2+22)
= (X1 +y1+21) + (x2 + y2 + 22)
(x1+y1+z1+0)+(x2+y2+ 22 +12)
= h(u) + h(v).
Homogeneity,
)txl
— A1
AM B AZI ’
Aty
Axp +Ayr + Az Xx1+y+z21
h(Au) = Axy + (Ay1) + (Azy) =A X1 +y1+21 = A h(u).
AX1+A,y1+AZl+A[1 X1+y1+z1+1h0
Hence # is a linear map.
2. Kernel of /1
x ¥ xX+y+z 0
Ker(h) = )z} eR* | h )z} = xX+y+z =10
) ) x+y+z4t 0

This yields the homogeneous system
x+y+z=0 1)

x+y+z=0 (2)

x+y+z+t=0 (3
From (1) and (3) we immediately obtain # = 0. From (1) we have x = —y — z.

« Equation (2) is 0 = 0; it imposes no restriction. Hence

-y—z —1 -1
_ y . 1 0
Ker(h) = Z v,z € R} = Span ol 11
0 0 0
Linear independence check
Let A1, A» € R such that,
-1 -1

0
+ A,z 1 = OW=]R4'
0



This yields,

—A1—A2=0
A = = A1 =21, =0. (0.3)
Ay =0
-1 -1
. 1 0
A basis is Bger = ol 1
0 0
Image of /1
By definition,
Y X4y +z 1 1 1 0
Img(h) = 1 h )Z} = x+y+z =x|1)+y|l]+z|1|+£]|0]]|x,y,z,t eR
; X+y+z+t 1 1 1 1

o))

We determine a maximal linearly independent subset. Consider the equation

Awy + Awy = OR3,
A1=0
Ay =0

1 0
Img(h) = Span{w;, w4} = Span { (1) , (0)} .
1 1

which componentwise reads

Hence

Linear independence check

Let A1, A2 € R such that,
This yields,

1 0
A basis is By = 1]1,10];.
1 1

3. Nullity, rank, injectivity, surjectivity

{’“ 28 — A=Ay =0, (0.4)

From the kernel analysis,
Nullity(#) = dim Ker(h) = 2.
By the Rank-Nullity Theorem, dim Ker(%) + dim Img(h) = dim R* = 4, therefore

Rank(k) = dimIm(h) = 2.
« Injectivity, & is injective iff Ker(h) = {0}. Since dim Ker(/) > 1, the map is never injective.

« Surjectivity, / is surjective iff Im(h) = R3 (i.e. Im(h) € R? and rank(h) = 3). For dim Im(k) = 2 the map is not surjective.



4. Isomorphism

A linear map is an isomorphism iff it is simultaneously injective and surjective. Because injectivity always fails, / is not an isomorphism.



1. Linearity

Take arbitrary vectors

X1 X2
U= I , v = 2 c R4, AeR
A Zy
14 5]
Additivity,
X1+ X2
Y1ty
u+v= 2L+ 2
I+t
(x1+x2) + (y1 + y2) + (21 + 22)
h(u +v) = (x1 +x2) — (y1 + y2) + 6(21 + 22)
(x1 +x2) + (y1 + y2) + (21 + 22) + (11 + 12)
(x1 +y1 +21) + (x2 + y2 + 22)
= (x1 —y1 +621) + (x2 — y2 + 622)
(xi+y1+z1+0)+(x2+y2+ 22 +12)
= h(u) + h(v).
Homogeneity,
)Lxl
_ Ay1
AU = A,Zl ’
Atg
Axy + Ay + Az X1+ y1+ 21
h(Au) = | Ax;—(Ay) +6(Azy) | = A X1 —y1 + 623 = A h(u).
Ax1+ Ay + Az + An X1+y1+z1+ 140
Hence 7 is a linear map.
2. Kernel of /
¥ ¥ X+y+z 0
Ker(h) = g eR* | h ﬁ =| x—y+6z |=]0
) ) X+y4z41 0

This yields the homogeneous system

x+y+z=0 (1)
X—y+6z=0 (2)

x+y+z+1=0 (3)
From (1) and (3) we immediately obtain = 0. From (1) we have x = —y — z. Substituting into (2) gives

(—y—2z)—y+6z2=0 — —2y+5z=0.

« From (4) we solve for y,

5
=——z
YT,
Then
7
X=—=yYy—Z=—FZ—2Z=—F7Z

-2 -2

(4)



Thus

;
-1 7
_3 5
Ker(h) = {z 12 z € Ry = Span
0 0
7
5
Basis, ‘BKer =
-2
0
Image of /
By definition,
Y X4y +z 1 1 1 0
Img(h) =3 h )z; =| x—y+6z =x|1l)|+y|-1)+z]|6]+¢]|0]|x,y,z,t €R
t x4+y+z+t 1 1 1 1

—_ O\ =
=)

1 1
=Spanqw; =|1], wa=|-1], ws= ,wse= 1|0 .
1 1 1

We determine a maximal linearly independent subset. Consider the equation
Awy + Arwz + A3wsz + Agwyg = Opa,
which componentwise reads

Ai+A+43=0 (1)

Al —Ay+6A3=0 (II)

M+Ar+A3+A4=0 (II)
From (I) and (III) we get A4 = 0. Subtracting (I) from (II) yields

—2A5 + 543 = 0. (Iv)
+ We show that three of the vectors are always linearly independent, hence dim Img(h) = 3 and Img(h) = R3.
- Consider {wy, wy, wa}. Setting Ayw; + Arwy + A4wy = 0 gives

A+ Ay =0,
AL — A2 =0,
A1+ A+ A4 =0.

From A, = —A1and 2A; = Owe obtain A; = 0, hence A, = A4 = 0.

Therefore Img(/1) = R3; any basis of R? (for instance the standard basis) is a basis of the image.

3. Nullity, rank, injectivity, surjectivity

From the kernel analysis,
Nullity(%) = dim Ker(h) = 1.
By the Rank-Nullity Theorem, dim Ker(/) + dim Img(#) = dim R* = 4, therefore
Rank(h) = dimIm(h) = 3
« Injectivity, & is injective iff Ker(h) = {0}. Since dim Ker(/) > 1, the map is never injective.

« Surjectivity, / is surjective iff Im(#) = R3 (i.e. Im(#) € R3 and rank(k) = 3). We have Im(2) € R? and dim Im(k) = 3 = The
map is surjective.



4. Isomorphism

The map is surjective but not injective, therefore not an isomorphism.



Solution 2:

Let
I -1 0 X1 o
A=|1 -1 1], x=\|x2], b=\|8
1 2 1 X3 1
The system is Ax = b.
Expanding along the first row,
1 -1 0
detA=|[1 —1 1 =1-“21 }‘—(—1)-“ i‘+o.
1 2 1
-1 1 11
) 1_(—1)-1—1-2_—3, | 1—0.
Hence det A = —3 # 0. The matrix is invertible and the system has a unique solution for every «, .

Let A; be the matrix obtained by replacing column j of A with b.

Computation of x1,

a —1 0
Air=18 -1 1
1 2 1

Expanding along the first row,

detdy =a | }'—(—1)"? }‘za(—3)+(ﬁ—1)=—3a+ﬂ—1.
Thus
. _detd;  Ba+p-1 3Za—B+1
' detA -3 B 3
Computation of x5,
a 0
Ay = g 1
1 1
detAzzl-"? ‘—ai }‘:(ﬁ—l)—a-O:ﬁ—l.
p—1_1-8
x2:_:_
-3 3
Computation of x3,
1 -1 «
As=|(1 -1 B
1 2 1

Expanding along the first row (minor expansions),

detA3=1-‘_21 ?'—(—1)-'} ﬂ+a“ _21'

=C-1-2)+0-p+a+1)
= 28— B +3a = 3a - 3p.

_ 3a—3p
-3

X3

=8—a.



Hence the unique solution is

3a—B+1 1-8 5
xX; = , Xy = ———, x3=p—oa.
1 3 2 3 3
Using the adjugate formula A™! = 1 adj(A). First compute the cofactors,
-1 1 11 1 -1
Ci=+ > 1=—3, C12=—1 1=0, C13=+1 )
-1 0 1 0 1 -1
C21=_‘2 1’=1, C =+ 1‘=1, C23=—’1 5
-1 0 10 1 -1
Cai=+_; {|=-L Ge=—|; [|=-L Gi=+| _
-3 0 3
The cofactor matrix is | 1 1 =3 |. Its transpose gives the adjugate,
-1 -1 0
-3 1 -1
adi(A)=10 1 -1
3 =3 0
Since det A = -3,
1 -1 1
-3 1 -1 3.3
ar=Lfo 1 ca)=|o -1 1
- 3 - 3 3
33 -1 1 0

Direct multiplication confirms x = A~!5 yields the same solution as Cramer’s rule.

00621,,32—1,)(1

ea=3 B=-1,x1




Solution 3:

Form the matrix

11 1
P = (u1 Uy u3) =11 0 -2
1 -1 1
Its determinant (expanding along the first row),
0 -2 1 -2 1 0
ar= % Pt ]t

=(0-1=(=2)-(-1) = (1-1=(=2)- 1) + (1-(=D)=0-1)
=2-3-1=-6#0.

Since det P # 0, the columns are linearly independent. In a threedimensional space three independent vectors automatically form a
basis.

Method 2
Linear independence check

Let A1, A2, A3 € R such that,

0
A1+ 22 0 +A31—-2] =10
1 0

This yields,

AM+A2+43=0 (a)
A1—2A3=0 (b) (0.5)
AM—Ar+A3=0 (¢

1. From (b), A1 = 2A3;
2. Substitute into (a), 2A3 + A + A3 = 0 = A, = —3A3;
3. Substitute into (¢),2A3 + 343 + A3 =0=6A3 =0=>A3=0=A; =0,1, = 0.

Thus A; = Ay = A3 = 0, so the vectors are linearly independent. In a threedimensional space three independent vectors automatically
form a basis.

Compute the products,

(p+q) —q
-4+ (P+29)—q )=
—q+(p+q

r+qa —q 0 1

Auy = —q p+2¢q —q 1
0 —q p+q 1

p

p

4

p+tgq —q 0 1
Aup = —q p+2q9 —q 0
0 —q p+q) \—1
(p+q) +0 p+q
= —q+0+g = 0 =(p+q) us.
0+0-(p+q) -p—q
1

r+q —q 0
Aus = —q p+2q —q -2
0 —q p+q 1
(p+q +2q p+3q
=|l-q9-2(p+29)—q|=|-2p—6q|=(p+3qus.
29+ (p+9q) p+3q



Thus u1, Up, us are eigenvectors of A.

From the above, the eigenvalues of A are

A=p, la=p+q, Arz=p+3q.

Because we have found three linearly independent eigenvectors, A is diagonalisable and its characteristic polynomial is the product of the
factors (A — A;),

Pad) = (D" A =21 —A2) (A —A3)
—A=p) A=+ ) (A —(p+39).

Let P be the matrix whose columns are u;, 5, u3. From the eigenvector relations,

At 0 0
AP = A(uy up usz) = (Auy Auy Auz) = (Aqug Arus Azuz) =P | 0 A, O
0 0 Az

Multiplying on the left by P! (which exists because det P # 0),

p 0 0
D=P AP =0 p+g 0



