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1. Solutions of Tutorial Exercises (1):

A. LESLOUS

1.1. Preliminary

Let V be a set equipped with two operations,

o Addition: +:V xV - V,(u,v) > u+v

A. AYACHI

o Scalar multiplication: - : F x V — V, (4,v) - Av (where F = (R or C))

such that all ten vector space axioms are satisfied.

For n € N*, an element of V = " is written as a column vector,

V11
V2]
V] = . e "
Unl
or equivalently as vi = (vy1, vay, ..., v
Forv;, = (U]l',...,l}nl')T eV = F”,andki eFfori = 1,--- ,k,
Vi1 + V12
Vi + V2 =
Uni + Un2
k
Z)tiVi = Aivi + Aava + e Agvic
i=1
V11 V12 Ulk
=M ) tHA| ot A
Unl Un2 Unk

Avrg
)lel = . (11)
AUy



Avir + Avin + - Agvik Zf’c:l/\ivli
)lenl + )LZan + -+ Akvnk Zle )k,-vni
Definition 1.1 (Linear combination):

Given vectors vy, ...,vy € V and scalars A1, ..., A, € I, the vector A;vy + --- + A vy is called a
linear combination.

Definition 1.2 (Linear independence):
Vectors {vy, ..., v} are linearly independent if the equation

Avi+ -+ Avi =0
impliesA; =--- = A, = 0.
Definition 1.3 (Span):
The span of {vy, ..., vi}is,

Span{vl, .. ,Vk} = {A]V] e+ AVi AL AR € F}

Definition 1.4 (Linear map):

A function f : V' — W between vector spaces is linear if,

fu+v)= f(w+ f(v) VYuvel, (1.3)
f(Av) =Af(v) VAeF,Vvel. (1.4)

fAvE 4+ Aava) = A1 f(v1) + A2 f(v2), VAL, A €F, Vv, vy € V.
Definition 1.5 (Kernel and Image):
For alinearmap f : V — W,
Ker(f)={veV:fv)=0y}CV, (1.5)
Im(f)={f(v):veV}C W (1.6)
Definition 1.6 (Basis and dimension):

A set {vy,...,Vi}isabasis of VV if it is linearly independent and spans V. The dimension dim(V")
is the number of vectors in a basis.

Definition 1.7 (Direct sum):
V =U@®W ifeveryv € V canbe written uniquelyasv = u+wwithu € U,w € W. Equivalently,
UNW ={0y}andU + W = V.

Lemma 1.1 (Kernel characterization of injectivity):
Alinearmap f : V — W is,

o Injective <= Ker(f) = {Oy}.

o Surjective <= Im(f) = W.



« Bijective <= Injective and Surjective.

o Isomorphism <= Bijective and linear map.

Theorem 1.1 (Rank-Nullity Theorem):
For alinear map f : V — W with dim(V) < oo,

Nullity( ) +Rank( /) = dim(V).
dim(Ker(f)) dim(Im(f))

Criterion 1.1 (Direct sum criterion):
For subspaces U, W C V,

UNWw = {0y},

V=UoW <
® dim(U) + dim(W) = dim(V).



Exercise 1.1:
Let f : R* — R* be the map defined by,

X x—2y
f

~ N <
)

1. Prove that f isis a linear map.
2. Determine Ker( f) and Im( /'), giving a basis for each.

3. Decide whether f is injective, surjective, bijective, or an isomorphism.

Solution:

1. Proof of Linearity

We verify the conditions of Definition 1.4. Letu = (x,y,z,1)T,v = (x',y’,z/,t)T € R,
and A € R.

Additivity (1.3),

x + x’
_ y+)y
fa+n =722
t+t
( (x+x) =20y + )
_ (x+x)=2(y +y) =3z +2)
o 0
\x +x) = (7 +1) = (2 +2) = (t +1)
( x—2y x' =2y
| x=2y-3z x' =2y’ =3z
= 0 + 0
Kx—y—z—t xX'—y -z =t
= f(w) + f(v).
Homogeneity (1.4),
AXx
_ Ay
fow = s |7
At



Ax —2Ay
Ax —2Ay —3Az
0
AX — Ay — Az — At

Thus f satisfies both conditions of Definition 1.4 and is linear.
2. Determination of Ker( /) and Im( /') with their basis
a) Determination of Ker( f)

By Definition (1.5),

X x—2y 0
Ker(f) = (v= Y| e R f(v) = x=2y=3z_ 0 = Oy —p4
z 0 0
t X—y—z—t 0
X x—2y=0 (i)
_ y c R4 x—2y—=3z=0 (iQ)
z 0=0 (iii)
! x—y—z—t=0 (iv)

i. From (i), x = 2y;
ii. Substitute into (ii),2y =2y —3z=0= -3z=0=z = 0;

iii. Substitute into (iv),2y —y —-0—-t=0=>y—-t=0=>1 = y.

Thus,
2y 2
I A P
y 1

By Definition 1.3,

Ker(f) = Span

—_—O = N



Since

2 0
1 0
A ol=1ol= A =0.
1 0
2
Basis of Ker( f), Byer = (1)
1
Dimension, Nullity( /) = 1.
S ——
dim(Ker( f))
b) Determination of Im( 1)
x—2y X
x—2y—3z
Im(f) = { /()= ) v=|7
X—y—z—t t
1 —2 0
= a2+ 2]+
R B KO I 0
1 —1 -1

o O O

(x

y €R4
z

\ ¢

By Definition (1.6), Im( f) is spanned by the vectors in the linear combination,

1

1
Im(f) = Span ol

1

Linear independence check

-2 0
-2 -3
01’10
-1 —1

0
0
1 O

—1

Apply Definition 1.2 to the first three vectors. Let A;, A5, A3 € R such that,

1
1
0
1

Ay

This yields,

+ A2

) 0 0
) 3 0
o | 7% o =10
1 1 0
A —2X, =0 (a)

Al —2).2—313 =0 (b)
Al—A2—A3=0

(c)

- OW=R4 .

(1.7)



i. From (a), A1 = 2A,;
ii. Substitute into (b), 2A, —2A, — 343 =0 = A3 = 0;
iii. Substitute into (¢),24; — A, —0=0= A, =0= A; = 0.

Thus A} = A, = A3 = 0, so the vectors are linearly independent.

Basis of Im( f),
1 -2 0
1 -2 -3
Blm - O ’ 0 ’ O
1 —1 —1

3. Structural Properties: By Lemma 1.1,

o Injectivity: f isinjective <= Ker(f) = {Og4}. Since Nullity(f) =1 # 0, f is NOT
N——— —’
dim(Ker( f))
injective.

« Surjectivity: f is surjective <= Im(f) = R* Since Rank(f) = 3 < 4 = dim(R%),
dim(Im(f))
f is NOT surjective.

« Bijectivity: Since f is neither injective nor surjective, it is NOT bijective.
o Isomorphism: Since f is not bijective, it is NOT an isomorphism.
 Rank-Nullity Verification

- Apply Theorem 1.1,
Nullity( /) + Rank( f) = 1 + 3 = 4 = dim(R%).
dim(Ker(f)) dim(Im(f))
This confirms the Rank-Nullity Theorem for f.

Exercise 1.2:
Let f : R® — R be the map defined by,

X X—z
flily =|2x+y—3z
z -y +2z

1. Prove that f is a linear map.



2. Determine the kernel Ker( /) and the image Im( /'), and give a basis for each.

3. Compute the rank and check if f is bijective.

Solution:

1. Proof of Linearity

We verify the conditions of Definition 1.4. Letu = (x,y,z)7,v = (x,y",z/)T € R?, and
A eR.

Additivity,
X+ x
fla+v)y=f1{r+)
z+ 7
x+x)—(z+2)
=|2(x+x)+(y+y) -3z +2)
v +y)+2(z+2)
X—z x' =z
=|2x+y -3z |+ |2x"+y =37
\ -y +2z —y' + 27
= f+ f().
Homogeneity,
Ax
fQuw) =12ty
Az
Ax — Az
=|2Ax + Ay —3Az
—Ay +2Az
X—z
=Al2x+y—3z
—y + 2z
= Af(u).

Thus f is linear map.
2. Determination of Ker( /) and Im( /') with their basis

a) Determination of Ker( f)



By Definition 1.5,

X—z 0
Ker(f) = sveR): fv=[2x+y—=3z|=[0] =0y _ps
—y +2z 0
X x—z=0 (1)
= y|eR :32x+y—-32=0 (2);.
z —y+2z=0 (3)
i. From equation (1), x = z;
ii. From equation (3), y = 2z;
iii. Substitute into equation (2),2z +2z -3z =z=0= z = 0;
iv. Thusx =0,y = 0.
Therefore,
Ker(f) = {Oy_gs3}-.
Since
0 0
AlO]=10]-A=0
0 0
Basis, Bger = 0 (the trivial subspace has no basis vectors).
b) Determination of Im( f')
Forv = (x,y,z)T e R?,
X—z X
Im(f) = 3 fW=|2x+y=3z]||lv=]|y]| R’
-y +2z z
1 0 —1 X
=Ix(2)+y|l 1 |+z[=3)Ily]eRrR®
0 —1 2 z
Thus,
1 0 —1
Im(f)=Span<q (2], 1 |.|-3
0 —1 2

Linear independence check



Apply Definition 1.2. Let A1, A,, A3 € R such that,

1 0 —1 0
A,l 2 + A,z 1 + A,3 —3 - 0 = OW:R3‘
0 —1 2 0
This gives,
A=Az =0 (1)
201+ A, —=343=0 (2)
Ay +2A3 =0 3)
i. From equation (1), A; = A3;
ii. From equation (3), A, = 243;
iii. Substitute into equation (2), 243 4+ 243 — 343 = A3 = 0;
iv. Thus A3 = 0,thenA; = 0,4, = 0.
So the vectors are linearly independent. Thus,
1 0 —1
Bim = 21,11 |.|-3 (or any basis of W = R?).
0 —1 2

3. Rank and Bijectivity

Rank, Rank( /) = 3.
———
dim(Im(f))

Bijectivity check, By Lemma 1.1,
o Injectivity: Since Ker(f) = {Ogr3}, f is injective.
« Surjectivity: Since Rank(f) = 3, Im(f) € R3<= Im(f) = R, f is surjective.
——
dim(Im(f))
since
« Bijectivity: Since f is both injective and surjective, it is bijective.

(Isomorphism: Since f is a bijective linear map, it is an isomorphism.)

« Rank-Nullity Verification

10



Apply Theorem 1.1,
Nullity( f) + Rank(f) = 0 + 3 = 3 = dim(R?).
dim(Ker( f)) dim(Im( f))

Exercise 1.3:
Let f : R® — R? be the map defined by,

X y+z
iyl =lx+y+:z
z X

1. Prove that f is a linear map.
2. Determine the kernel Ker( /) and the image Im( /'), and give a basis for each.
3. Decide whether f is an isomorphism and compute its rank.

4. Prove that R? = Ker(f) @ Im( f).

Solution:

1. Proof of Linearity

We verify the conditions of Definition 1.4. Letu = (x,y,z)7,v = (x,y’,z/)T € R?, and
AeR.

Additivity,
x 4+ x’
fa+v)=7fy+y
z4+ 7z

([ O+Y)+(E+2)

=|x+xX)+ G +y)+(z+2)

x + x'

((y+: Y+

=|lx+y+z|+|X+)y+7Z2
\ X x’

= f(w+ f().

11



12

Homogeneity,

AX
o= 1 ((A))
Az
Ay + Az
=|Ax+Ay + Az
Ax
y+tz
=Alx+y+:z
X
= Af(u).

Thus f is linear map.
2. Determination of Ker( /) and Im( /') with their basis
a) Determination of Ker( f)

By Definition (1.5),

y+z 0
Ker(f) = veR|fM=|x+y+z|=[0]=0p_ps
X 0

X y+z=0 (1)
= |y eR:{x+y+2z=0=0 (2

z x=0=0 3)

i. From equation (3), x = 0;
ii. From equation (1), z = —Yy;
iii. Check equation (2),0 + y + (—y) = 0 (satisfied).

Thus,

Therefore,



b)

Since

Thus,

Determination of Im( f)

y+z
Im(f) = fW=|x+y+z
X

Thus,
0 1
Im( f) = Span { (1) , (1)
1 0

Linear independence check

Let A1, A» € R such that,

This gives,
Ay =0
AMM+A=0 =A =A4,=0.
A =0

Thus the vectors are linearly independent. So,

<[}
()

13



3. Rank and isomorphisme
o Injectivity: Since Ker(f) # {0y _g3}, f is NOT injective.

« Surjectivity: Since Rank(f) = 2 < 3 = dim(R?), f is NOT surjective.
——
dim(Im( f))

« Bijectivity: Not bijective (neither injective nor surjective).
Isomorphism: Not an isomorphism.

Rank, Rank( f) = 2.

N’
dim(Im( /)

4. Proof that R® = Ker(f) @ Im( f).
We verity the conditions of Criterion (1.1).

Method 1

Step 1: Trivial intersection. Let

X

veKer(f)NIm(f) = v= [y ]| eR*:veKer(f), and veIm(f)

Then,

veKer(f)=v=ux =1 x for some x € R.

0 1 z
velm(f)=v=y|l]|+z|1l]|=|y+:z for some y,z € R.
1 0 y
Equating components,
0=z (1)
x=y+z (2
—x=y )

o From equation (1), z = 0;
o From equation (2),x =y + 0 = y;

o From equation (3), —x = y.

14



Thusx = yand —x = y,sox = —x = x = 0, hence y = 0.
Thus v = 0y _p3, so Ker(f) NIm( f) = {0y _p3}.

Step 2: Dimension sum.
Nullity( f) + Rank(f) = 1 + 2 = 3 = dim(R?).
dim(Ker( f)) dim(Im( f"))

By Criterion 1.1, we conclude R* = Ker( f) @ Im(f).
Method 2
We verity the conditions of Definition (1.7).

Step 1: Show R?® = Ker(f) + Im( f).

We have,
0 1
Ker(f) +Im(f) =Spans | —1].,[1],
1 1
Linear independence check
For A],/\Q,)&j, € R,
0 0 0 A3 =0,
Ml-1]l+M 111 +A1]=]0]=<3-A +A,+A3=0,
1 1 0 A+ Ay =0.

1. From (1) A3 = 0;
2. Substitute into (2): —A; + A, =0 = A, = A;;

3. Substituteinto 3): A1 + A, =0=> A+ A, =0=21, =0= A, = 0;

So the vectors are linearly independent.

Then the basis of Ker( /) + Im( f) is,
Brer®+me =3 =111 1].|1]¢.
1 1 0

and therefore
dim(Ker(f) + Im(f)) = 3.

(1)
(2)
3)

15



Since Ker( f) + Im( f) € R? and both have dimension 3,
R = Ker(f) + Im(f).

Step 2: Show Ker(f) NIm(f) = {0y _p3}.

Using the dimension formula,

dim(Ker(f) + Im(f)) = Nullity( /) + Rank(f) — dim(Ker(f) N Im(f)).
dim(Ker( f)) dim(Im(f))

Substitute known values,

3=1+42—dim(Ker(f) N Im(f)).

Thus,
dim(Ker(f) NIm(f)) =0 = Ker(f) NIm(f) = {0y _p3}.

So
R?® = Ker(f) @ Im(f).

]

Exercise 1.4:
Let V, W be vector spaces, {v}, V2, v3} a basis of V, and {w;, wo, w3} C W. Let f : V — W be
linear with f(v;) = w; fori = 1,2, 3.

o Prove that f is injective <= {w), wy, w3} is linearly independent.

Solution:
We prove both directions using Lemma 1.1 and Definition 1.2.

o (=) Assume f is injective.

Let A1, A2, A3 € R such that,
Awy + Aw, + Azws = Oy
Since f islinear and f(v;) = w;, we have,

SAvr 4+ Aovs + A3v3) = A1 f(v1) + Az f(v2) + Az f(v3)
= Aw; + Awy + Azws = Oy

Thus A1v; + A,v7 4+ Azv3 € Ker(f).

By Lemma 1.1, injectivity of f implies Ker(f) = {0y}, so,
A V1 + Avy 4 Azvz = Op.

16



Since {vy, v, v3} is a basis of V, it is linearly independent. Therefore, A} = A, = A3 = 0.
Thus {w;, w,, ws} is linearly independent by Definition 1.2.
o (<) Assume {w;, w,, w3} is linearly independent.

Let v € Ker( f). Since {vy, v2, v3} is a basis of V', we can write,

UV = A1V + AUy + A3v3  for some Aq, Ay, A3 € R.

Then,
F) = Awy + Awy + 3wz = Oy

Since {w;, wy, ws} is linearly independent, we must have A; = A, = A3 = 0. Thus v = Oy.

Therefore Ker( f) = {Oy}, and by Lemma 1.1, f is injective.

17






2. Solutions of Tutorial Exercises (2):
A. LESLOUS A. AYACHI

2.1. Basic Definitions

Definition 2.1 (Matrix):
Let m, n be positive integers. An m x n matrix over a field I (typically R or C) is a rectangular
array of elements from [F arranged in m rows and n columns,

aiy dip -t din

dzy dzp -+ Ay
A= . . .

Aml Am2 *°*° Amn

We denote by a;; the entry in the i -th row and j -th column. The set of all m x n matrices over I is
denoted by M, (FF).

Remark 2.1 (Matrix Equality):
Two matrices A and B are equal if and only if,

o They have the same dimensions (m x n).

« Their corresponding entries are equal, a;; = b;; foralli =1,...,mand j =1,...,n.

Definition 2.2 (Matrix Addition):

aip dip -t dip bii by -+ by
az; dz -+ Ay by by -+ by
Let A = ] . ] and B = ] ) .| be matrices in M, (IF). Their
Aml Am2 -+ Amp bml bm2 bmn
sum A + B is defined as,
an+by anp+bin - am+ by
A4 B = asy "“b21 an + by Aoy '!'bZn 2.1
Ami + bml Am? + bm2 ccr Amn + bmn

19



Definition 2.3 (Scalar Multiplication):

aip diz - diy
dy; dzp - Aoy . :
Let A = ] L ] be a matrix in M, () and let A € F. The scalar product A4 is
Aml Am2 *** Amn
defined as,
Aap Aap - Aay,
)Lazl Aazz )Laz
M=|"" o B (2.2)
Aamy Aams -+ Ay
Definition 2.4 (Matrix Multiplication):
aig Aaip ot dip by by --- blp
dz; dyp - Ay by by -+ by )
Let A = ] L _n € Myuxpn(F)and B = | | ] ,p € M, (IF). Their
Aml Am2 **° Amn bnl bn2 Ut bnp
product 4B is defined as the matrix in M, ,(F) whose (i, j)-entryis Y ;_, aixbx;>
Yopoi @b iy awbia - Do awbiy
n n n
Y1 @b Y i aubir o Y iy by
AB = : : i : (2.3)
n
Zamkbkl Z}Zzl Amibra -+ Zzzl amkbkp
k=1
Note: The number of columns of A must equal the number of rows of B.
Caution: Matrix multiplication is not commutative in general.
Definition 2.5 (Transpose of a Matrix):
ail diz - din
dy; dpp --- dop T .
Let A = ] o ] € Myxn (F). The transpose of A, denoted A", is the n x m
Aml Am2 *°* Amn
matrix,
app az - Aml
dip dzp - a2
At=|"" "7 " (2.4)
Ain d2n =+ Amn

Definition 2.6 (Square Matrix):
A matrix A is square if it has the same number of rows and columns, i.e., A € M, (F). We denote
M, (F) = M, (F).

Definition 2.7 (Diagonal Matrix):
diy dip -+ dyy,
dy dy -+ doy

A square matrix D = € M, (F) is diagonal if d;; = O forall i # j.

dnl dn2 dnn

20



Definition 2.8 (Identity Matrix):
The n x n identity matrix /, is the diagonal matrix with 1’s on the diagonal and 0’s elsewhere,

1 0 --- 0
01 --- 0
n=1. - (2.5)
00 --- 1
Definition 2.9 (Symmetric Matrix):
A square matrix A € M, (F) is symmetric if AT = A.
Definition 2.10 (Upper/Lower Triangular Matrix):
aip diz -0 din
a a oo a
A square matrix A = ,21 _22 ) Zn e M, () is,
apl Ap2 *** dpp
o Upper triangular ifa;; = Oforalli > j
o Lower triangular ifa;; = Oforalli < j
Definition 2.11 (Minor):
air dip 00 dig
dz; dzp -+ dap . .o . . .
LetA=| . L .| bean n x n matrix. The (7, j)-minor M;; is the determinant of
apl Ap2 -+ Aup

the (n — 1) x (n — 1) submatrix obtained by deleting the 7 -th row and j -th column from A.
Definition 2.12 (Cofactor Matrix):

aplr diz -0 din
. azy dzp -+ dyp . .
Forann x n matrix A = | | L .|, the cofactor matrix Cof(A) is defined as,
apl Aup2 *+* dpp
Cii Cp - Cyy DMy (=DM - (=DM,
C C o C -1 2+1M -1 2+2M -1 2+nM
Cof(A) = .21 .22 | 2n _ ( ). 21 ( ). 22 | ( ). 2n L (26)
Cnl Cn2 Cnn (_1)n+1Mn1 (_1)n+2Mn2 (_1)n+nMnn
where each element C;; = (—1)'*/ M;;, with M;; being the (i, j)-minor of A.
Theorem 2.1 (Cofactor Expansion):
For any fixed row 7,
n n
det(A) = ZaijC,-j = Z(—l)i+jaijMij. (2.7)
j=1 j=1

For any fixed column j,

det(A4) = Zaij Cij = Z(—l)iﬂaijMij-
i=1 i=1

21



a b
For A = (c d)’

det(A) = ad — bc. (2.8)
Theorem 2.2 (Basic Properties):
Let A, B € M,(IF) and A € F,
10 --- 0
01 --- 0
1. det(7,) = 1 where I,, = L )
00 --- 1

2. det(AT) = det(A)
3. det(AB) = det(A) det(B)
4. det(LA) = A" det(A)

5. If A is triangular, det(A) is the product of its diagonal entries

Definition 2.13 (Invertible Matrix):
A square matrix A € M, (IF) is invertible (or non-singular) if there exists a matrix B € M, (IF) such
that,

10 -0
01 - 0
AB=BA=1=\|. . |. (2.9)

If such B exists, it is unique and is called the inverse of A, denoted A~.

Theorem 2.3 (Properties of Matrix Inverses):
Let A, B € M,,(F) be invertible and A € F \ {0},

. A H =4
2. (AB) ' =B 147!
3. (AT T =(4a™HT

A—l

)

4. (AA)~!
5. det(A™") = gop

Theorem 2.4 (Characterization of Invertibility):
For A € M, (IF), the following are equivalent,

1. A is invertible

22



2. det(A) # 0
3. The rows (or columns) of A are linearly independent

4. A hasrankn

Theorem 2.5 (Adjugate Formula):
For A € M, (), let C;; be the (i, j)-cofactor. The adjugate matrix is,

Ciu Cy -+ Cpy

Chr C» --- C,
adj(4) = (Cof(A)™ =| 2 2 " (2.10)

Cln CZn toe Cnn

If det(A) # O, then,
|
Al = dj(A). 2.11
a b\ .
o For A = (c d) with det(A) = ad — bc # 0,

1 d —-b
_1 _
AT = (_C . ) : (2.12)

o For a 3 x 3 matrix A with det(A) # 0,

1 andszz —dz3dszy d13d3p —A1paszz di1pdz3 —Aad13zdn
= det(A) ajsdszl —dz1dszz Adjjdszz —ajgzdar Adpzdzr —aiazs |,
ajzidszp —dxdsz; djpdizl —dadjidsy djpdz — djpdsg

-1

where det(A) = a1ax»as; + anaxsas + a13a21a3 — a13a20a31 — A11023A32 — A12021433.

Definition 2.14 (Basis and Coordinates):
A basis of a vector space V is a linearly independent set that spans V. If B = {v;, vp,...,v,}isa
basis for V, then every vector v € V can be uniquely expressed as,

V= X1V1 + XUy + -+ 4+ X,0,.

The scalars x;, x5, .. ., X, are called the coordinates of v relative to B, and we write,
X1
X2
[v]g =
Xn

Definition 2.15 (Matrix of a Linear map):

Let f : V — W bealinear map, By = {v, va,...,v,}abasisfor V,and By = {wi, wo, ..., wy,}
a basis for . The matrix of f relative to these bases, denoted [ f ]g;", is the m x n matrix whose
J-thcolumnis [ f(v;)]sy,.

23



Theorem 2.6 (Matrix Representation Theorem):
For any linear map f : V — W with matrix 4 = [ f ]gg’, we have,

[f ()]s, = A[v]s, forallv e V. (2.13)

Definition 2.16 (Change-of-Basis Matrix):
Let B = {v1,v2,..., v,y and B’ = {v], v}, ..., v, } be two bases for V. The change-of-basis matrix
from B’ to B is,
| | |
P = [id]%/ =|[vils W]z - [v,]s], (2.14)
| | |

where id : V' — V is the identity map.

Theorem 2.7 (Change of Basis for Vectors):
Foranyv € V,

[vlg = Plv]s
and
[U]B/ = P_I[U]B.

Theorem 2.8 (Change of Basis for Linear maps):
Let f : V — V belinear, and let B and B’ be bases for V. If P is the change-of-basis matrix from
B’ to B, then,

[f15 = P'[fIEP. (2.15)
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Exercise 2.1:
Let A, B and C be the following matrices,

0 1 -1 1 2 0 -3
A=|-3 4 -3), B=]10 5], C=1]2 1
0 2 1 -2 1 8 0
Calculate,
B+C, B-C, 24, A", AB, A%
where AT denotes the transpose of A.
Solution:
1. Calculate B + C
By the definition of matrix addition in (2.1), we compute
1 2 0 -3 1+0 2+ (-3 1 —1
B+C=10 5|+|2 1 ]|]=]10+2 5+1 =12 6
-2 1 8 0 —-2+8 1+0 6 1

2. Calculate B — C

Using the definition of matrix subtraction, which follows from (2.1) and scalar multiplication,

we obtain
1 2 0 -3 1-0 2-—(-3) 1 5
B-C=10 5]—-12 1]|]=]0-2 5—-1 =| -2 4
-2 1 8 0 -2—-8 1-0 —10 1

3. Calculate 24

By the definition of scalar multiplication in (2.2), we have

0 1 -1 0 2 -2
24 =2x|-3 4 3| =1-6 8 —6
0 2 1 0 4 2

4. Calculate AT (transpose of A)

According to the definition of the transpose in (2.4),

0 -3 0
AT =11 4 2
-1 =31
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5. Calculate AB

Since A is 3 x 3 and B is 3 x 2, the product A B is defined by (2.3) and yields a 3 x 2 matrix.
0 1 -1 1 2
AB=1|-3 4 3 0 5
0 2 1 -2 1
0-14+1-04(=1)-(-2) 0-2+1-54+(=1)-1
=(-3)-1+4-04+(-3)-(-2) (-3)-24+4-54+(-3) 1

0-142-041-(=2) 0-24+2-5+1-1

0+04+2 0+5-1 2 4
—[-3+0+6 —6+20-3]=|3 11

0+0—2 0+10+1 2 11

6. Calculate A2

By repeated application of matrix multiplication, we compute
0 1 -1 0 1 -1

A’=A-A=|-3 4 =3||-3 4 =3
0 2 1 0 2 1
1-(=3) 1-44+(=1)-2 1-(=3)+ (=11
=[4-(-3) (-3)-14+4-44(3)-2 (-3)- (1) +4-(=3)+(=3)-1
2-(=3) 2-441-2 2-(=3)+1-1
-3 2 —4
=|-12 7 -12
-6 10 -5

Exercise 2.2:
Calculate the determinants of the following matrices,

7 11
A_(_8 4), B =

10 0 -5 15
-2 7 30
g 14 0 2
0 21 1 -1

DhN W =
N B~ O
~N DN
a
Il

Solution:

) 7 11
1. Determinant of 4 = (—8 4)

Using formula (2.8) for the determinant of a 2 x 2 matrix,

det(A) =7-4—11-(=8) = 28 + 88 = 116.
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2. Determinant of B =

DN W =
N~ O
~ DN

We compute using cofactor expansion along the first row as stated in (2.7),

4 5 35 3 4
det(B)—l-det(6 7)—O-det(5 7)+2odet(5 6)

=1-(4-7-5-6)+2-(3-6—4-5)
=1-(28—30)+2-(18=20) = 1-(=2) +2-(=2)
=_2—4=—6.

10 0 =5 15
-2 7 3 0
8§ 14 0 2
0 —21 1 -1

3. Determinant of C =

We expand along the first row using (2.7),

det(C) =10-Ci1 +0-Cip + (=5) - Ci3 + 15 - Cy4, (2.16)
where C;; are cofactors defined in (2.6). We compute each required cofactor,
7 3 0 7 3 0
Cii=D"ldet| 14 0 2 | =det| 14 0 2
21 1 -1 -21 1 -1

0o 2 14 2 14 0
—7-det(1 _1)—3-det(_21 _1)—|—O-det(_21 1)

=7-(0-(=1)=2-1)=3-(14-(=1) =2 (=21))

=7-(=2)—3-(—14442) = —14—3-28 = —14 — 84 = —98, (2.17)
-2 7 0 -2 7 0

Cri=(-D'"det| 8 14 2 |=det| 8 14 2
0 —21 —1 0 —21 —1

14 2 8 2 8 14
——2-det(_21 _1)—7-det(0 _1)—|—O-det(0 _21)

=-2-(14-(-1)=2-(=21)) =7-8- (=) —2-0)

=—2-(—144+42)—7-(—8) = —2-28 4+ 56 = —56 + 56 = 0, (2.18)
-2 7 3 -2 7 3

Cu=(D"det] 8 14 0|=—det| 8 14 0
0 —21 1 0 —21 1

14 0 8 0 8 14
——|:—2-det(_21 1)—7-det(0 1)—|—3-det(0 _21):|

=—[-2-(14-1—0-(=21)) =7-(8-1=0-0) + 3- (8- (=21) — 14 0)]
= —[-2-14—7-843-(—168)] = —[—28 — 56 — 504] = —(—588) = 588. (2.19)
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Substituting the values from (2.17), (2.18), and (2.19) into (2.16), we obtain
det(C) = 10-(—98) + (—=5) -0+ 15-588 = —980 + 0 + 8820 = 7840.

Exercise 2.3:
Calculate the inverse of the following matrices,

2 1
(1) -

I 2 1
I 2 —-1].
-2 =2 -1

Solution:

1 2 1
1. Inverse of B = 1 2 -1
-2 -2 —1

We compute the determinant using cofactor expansion along the first row as in (2.7),

2 -1 1 -1 1 2
det(B) = 1 - det (_2 _1) — 2 - det (_2 _1) + 1 -det (_2 _2)

=12 (=)= (=D (=) =2+ (1 (=) = (=) - (=2)) + 1+ (1 (=2) =2+ (-2))
=1-(=2-2)=2-(=1=2)+1-(=2+4)=1-(—4)—2-(=3)+1-2

— 44 6+2=4
Since det(B) # 0, the inverse exists. We compute the matrix of cofactors as defined in (2.6),
/—l—det(z - — det to—l —i—det(1 2)\
-2 -1 -2 -1 -2 =2
Cii Cin Ci3 1 1 . 2
Cof(B) = | Cy Cypn Cun| = —det( ) + det —det( )
-2 —1 -2 —1 -2 =2
Gy Gy G
vdet(2 1) —de(D 1) sder() 2
\ T2 -1 “\1 -1 “\1 2

(2--1)=(=1)-(=2) —(1-(=D=(=D-(=2) 1-(=2)=2-(=2)
=|-2-=D—-1-(=2) - (=) —1-(=2) —(1-(=2)-2-(=2)
\ 2-(-D)-1:2 —(1-(=1)—=1-1) 1-2-2-1
(4 3 2
=lo 1 —2].
\—4 2 0)

The adjugate matrix, by definition (2.10),

—4 0 —4
adj(B) = (CofB)' = 3 1 2 |.
2 -2 0
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Finally, applying the adjugate formula (2.11),

| L[4 0 —4 -1 0 -1
B! = adiB)=-{3 1 2|=2 L 1
det(B) s\ 5 5 0 g

2. Inverseof A = (? _11)

First, we compute the determinant using (2.8),

det(A) =2- (=)= 1-1=-2—1=-3.

Since det(A) # 0, the matrix is invertible.

_(Cu Cu\ _ (+(=1) —(1)
Cof(4) = (c; CZ) = ( —(1) +(2))‘

Cofactor matrix,

Adjugate,
adi(A) = (Cof(A))” = (j _21)

Inverse,

| W | —
(1S

Exercise 2.4:
Consider the matrices,

2 -1 2 I 35
A=\|3 1 -1}, B=|1 2 4
4 2 1 1 13

(1) Calculate A + B, A — B, 2A.

(2) Calculate, if possible, AB, BA, A2, A3,
(3) Calculate AT and BT.

(4) Calculate A~

(5) Calculate A*> — 442 + 24 — 171; then conclude that 4 is invertible and give A~.
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Solution:

1. Calculate A + B, A — B,2A

By the definitions of matrix addition and scalar multiplication,

241 =143 2+5 327
A+B=|3+1 142 —1+4|=1[4 3 3], (2.20)
441 241 143 53 4
2-1 —-1-3 2-5 1 —4 -3
A-B=13-1 1-2 —1-4]|=[2 -1 -5], (2.21)
4—1 2—-1 1-3 31 -2
4 -2 4
24=16 2 —2]. (2.22)
8 4 2

2. Calculate AB, BA, A%, A3

We compute each product using the definition of matrix multiplication (2.3).

« AB,
2 -1 2 1 35
AB=|3 1 —=1]|1 2 4
4 2 1 113
214+ (=1)-14+2-1 2-34+(=1)-2+2-1 2-54+(=1)-4+2-3
=3 14+1-14+(=1)-1 3-341-24(=1)-1 3-54+1-44(—1)-3
4-142-1+1-1 4.342-2+1-1 4.542-4+1-3
2—-142 6-242 10-4+6 36 12
=|34+1—-1 942—-1 154+4-3] =3 10 16
44+2+1 12+4+1 20+8+3 7 17 31
« BA,
(1 35\ (2 -1 2
BA=|1 2 4|3 1 -1
\1 1 3/\4 2 1
(1-2+3-3+5-4 1-(-1)+3-14+5-2 1-24+3-(-1)+5-1

=|1-242-34+4-4 1-(-D)+2-14+4-2 1-242-(-1)+4-1
\1-2+1:3+3:4 1-(-)+1-1+3-2 1-2+41-(-1)+3-1

(2+9+20 143410 2-3+5 31 12 4
=[24+6+16 —1+2+8 2-2+4]|=|24 9 4| (#A4B).
\2+3+12 —14+14+6 2—-1+3 17 6 4
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2 -1 2 2 -1 2
A2=13 1 =113 1 =1
4 2 1 4 2 1
224 (=1)-3424 2- (=) +(-=1)-14+2-2 224 (=D -(-1)+2-1
=(3-24+1-34+(=1)-4 3- (D) +1-14+(=1)-2 3:24+1-(=1)+(=1)-1
4.24+2.3+1-4 4. (=) +2-1+1-2 4.242-(-1)+1-1
4-348 —2—144 44142 9 1 7
=|6+3—4 —3+1-2 6-1—-1)|=|5 -4 4]. (2.23)
8+6+4 —4+2+2 8—2+1 18 0 7
o A3 = A?. A,

9 1 7\ (2 -1 2
AA=15 —4 4|3 1 -1
18 0 7/ \4 2 1
9.241-34+7-4 O (=) +1-1+7-2 9.241-(=1)+7-1
=|52+(4)-34+4-4 5-(-)+(-4)-14+4-2 524+ (=4 -(=1)+4-1
18-:240-34+7-4 18- (=1)+0-14+7-2 18-240-(—=1)+7-1

18+3+28 —9+1+14 18—1+7 49 6 24
=|110—-12+16 —-5—-448 104+44+4]| =14 -1 18]. (2.24)
36 +0+28 —18+0+14 36+0+7 64 —4 43

3. Calculate AT and BT

By the definition of the transpose (2.4),

2 3 4 111
AT =|-1 1 2|, B'T=|3 21
2 —1 1 5 4 3

4. Calculate A~}

First, compute det(A) using cofactor expansion along the first row as in (2.7),

1 -1 3 -1 31
det(A)=2-det(2 1)—(—1)-det(4 1)+2-det(4 2)

=2-(1-1=(=1)+2)+1-G-1=(=1)-4)+2-3-2—1-4)
=2-(142)+1-G+4)+2-(6—4)
=2.34+1-742-2=6+7+4=17#0.

Now compute the matrix of cofactors as defined in (2.6),

2 -1 2
3 1 -1
4 2 1
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Ci Cip Ciz
Cof(4d) = | Cy Cpn Cx

2 1

\+det (_11 _21) — det @ _21) + det @ _11))

1-1—(=1)-2 —3B-1—(=1)-4 3.2—-1-4

= |—((-1)-1-2-2) 2-1-2-4 —2-2—(-1)-4)
-n--1H)—-2-1 —=2-(-1)=2-3) 2-1—(-1)-3
3 =7 2
= 5 —6 -8
-1 8 5
The adjugate matrix, by (2.10), is,
3 5 -1
adj(A) = Cof(A)" = -7 -6 8
2 -8 5
Finally, by the adjugate formula (2.11),
1 1 (3 3 —1
—1 .
= adj(4)=—=|-7 -6 8 |. (2.25)
det(A) 17\, _g 5
5. Calculate 4> — 442 + 24 — 171
From (2.24), (2.23), (2.20) and (2.5) we have,
9 1 7 36 4 28
44 =4-15 —4 4| =20 —16 16],
18 0 7 72 0 28
4 -2 4
24=16 2 =2/,
8 4 2
17 0 O
17/ =0 17 0
0 0 17
Now,
49 6 24 36 4 28 4 =2 4
AP — 442 424171 = |14 -1 18| —[20 —16 16]+[6 2 -2

64 —4 43 720 28 8 4 2



17 0 O
—10 17 0
0 0 17

49—-36+4+4-17 6—-4-2-0 24 —-28+4-0
=|14-20+6-0 —-1+4+16+2-17 18—16—-2-0
64—-724+8—-0 —4-0+4+4-0 43-284+2-17

I
o oo
o

0
00
00
Thus, A> —4A4%2 +24 — 171 = 0.

This implies that A’ = 44% — 24 + 171. Multiply both sides by A~! (if it exists) to get
A2 =44 -2 + 1747}, s0

1747 = A% — 44 + 21.
Thus,

1
Al = 1—7(A2 — 44 +21I)

(O 17 2 —1 2 100

——|l5 —aa]l-4[3 1 <1]+2]01 0
7\\18 0 7 4 2 1 00 1
L [9-8+2 144 7-8 (35

—— | 5—12 —4—44+2 444 |=—1[-7 =6 3
7\ 18- 16 8 7-442) T\2 -8 s

which is consistent with our previous computation in (2.25).

]
Exercise 2.5:
Let,
1 -3 «
Ay = la =8 12
3 -3 4

(1) Calculate, if possible, A2, 24, and det (A2).

(2) For o = 6, find real numbers a and b such that,

A% =aA¢ + bly, wherel; =

S O =
S = O
-_ O O

(3) Deduce that A is invertible and give Agl.

(4) Ifa =6+ Z*T/g, A, invertible? Explain your conclusion.
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Solution:

1. Compute A2, 2A,, and det(A2)

First, compute Ai using matrix multiplication (2.3),

1 -3 « 1 -3 «

AA=|a -8 12||a -8 12

3 -3 4 3 -3 4
l—-30+3ax —-34+24—3a o—36+4«a
=|a—8x+36 —3a+64—36 a®>—96+48
3—3a+12 —-9424—-12 3a—36+16

1 21 —3a S5a—36
=|36—70 28 —3a0 o?>—48]. (2.26)
15— 3a 3 3o — 20

Next, by scalar multiplication (2.2),

2 -6 2«
24, = | 200 —16 24
6 —6 8§

Now, by the property det(4B) = det(A) det(B) from Theorem 2.2, we have det(A2) =
(det(Ay))>. So compute det(A,) first using cofactor expansion,

—8 12 a 12 o —8
det(Ay) = 1 - det (_3 4) — (—3) - det (3 4) + « - det (3 _3)

=1-((-8)-4—12-(-3)+3-(¢-4—12-3) +a-(a-(=3)— (=8)-3)

=1-(=32+436)+3- (4o —36) + a - (<30 + 24)

= 4 + 1200 — 108 — 30 4 240 = =30 + 36a — 104. (2.27)
Thus,

det(4}) = (—3a®+ 360 — 104)2

2. Fora = 6, find a, b such that A = aAg + b1

Substitute o = 6 into (2.26) and (2.27),

1 -3 6
As= |6 —8 12],
3 -3 4
1 21-18 30-36 1 3 -6
A2=136—42 28—18 36—48 | =|-6 10 —12]. (2.28)
15—18 3 18—20 3 3 -2
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We want a, b such that

1 -3 6 1 00 a+b —3a 6a
A2 =aAc+bl =a|l6 =8 12| +b|0 1 0]=]| 6a —-8a+b 12a
6
3 -3 4 0 01 3a —3a 4a + b

Equating with A2 from (2.28) gives the system,
—-3a=3 (1,2)=a=-1

—8a+b=10 (22)= 8(-1)+b=10=8+b=10=b=2
Thus,a = —1,b = 2. So,
A = —Ag +21.

3. Deduce that Ag is invertible and find A"

From the equation A? = —Ag + 21, rearrange,
A2+ Ag =21 = As(Ag+1)=2I.
Thus,
A6-%(A6—|—I) =1.
By the definition (2.13) (of the inverse), this shows that A is invertible with inverse

{ L1 36 100 L2 36
AgI:E(A6+I):§ 6 -8 12]+]0 1 0 =3 6 —7 12
3 -3 4 00 1 3 3 5

I
Dl W =

I
NSJIORSTEN (O] (O8]
DI N W

4. We have
det(4y) = =30 + 36a — 10.
Fora = 6 £+ Z“Tﬁ
det(4y) =0,
then A, is not invertible, and A 'does not exist.

Exercise 2.6:
Let f : R® — R? be defined by,

)= (5
JZ} C\x+z+2y)°
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with bases,

(S,
N =

o)

I
(S,
|
(S
[S==Y

&

Il
——
N
P p—
N—
N
—_ O
N—
— —

o Find the matrix representing f* with respect to B and B'.

Solution:

 Matrix of the linear map f

Apply f to each vector in B,
A0)) - ( 141 ) ~ (2)

O) 1+0+2-1 3
¥ (1) \ . 0+1 (1

_1) S \0+ (=D +2-1) " \1)°
¥ ;\ _ 1+2 (3

S \1+1+4+2-2) \6)°

1)

Now express each image in terms of basis B’. For a vector (Z) , we want coefficients o, 8
1 0 a
(1) =2 () =)

o0 =d {oz:a

such that

This gives the system,

a+B=> B=b—a

Thus,

- For(?),a:Z,lB=3—2:1.

- For(

—

),ozzl,,le—l:O.
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Therefore, by Definition (2.13), the matrix representing f* with respect to B and B’ is,

/ 213
[f1%=(1 0 3)-
[

Exercise 2.7:
Let Ry[X] = {ao + a1 X + a»X?} be the vector space of real polynomials of degree at most 2, and
let B = (1, X, X?) be its canonical basis. Consider the map,

[ R[X] — Ro[X],  f(P)=(1+ X)P'(X).
(1) Prove that f is a linear map.

(2) Prove that the matrix of f with respect to B is,

[f15 =

S O O
O ==
[\SI\S B e

(3) Let B" = {1,1 4+ X, (1 + X)?}. Find the matrix [f]%: of f with respect to the basis B'.

Solution:

1. Prove that f islinear

Let P, Q € Ry[X]and A € R. Then, by the linearity of the derivative,
f(P+20) =1+ X)(P+210)(X) = (1+ X)(P'+20")(X)
=1+ X)P'(X)+ A1+ X)0'(X) = f(P)+Af(Q).

Thus, f is linear.
2. Matrix of f with respect to the canonical basis B = (v; = 1, v, = X,v3 = X 2)

Apply f to each basis vector,

)y =14+X)-0=0
=0-1+0-X+0-X°
= A1 V] + Ay U3+ A3 03
— A=A, =13 =0,

fX)=(0+X)-1=1+X
=1-141-X+0-X?
= A v+ Ay v+ AL s
— A=A, =1, =0,
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(X =(1+X)-2X =2X +2X?
=0-142-X+2-X?
=AY°U1+A/2/°U2-|-A/3/'U3
— A=A =21 =0.

Thus, by Definition (2.13), the matrix of f with respect to B is,

A A 0 1
[fla=12 A, A|=|01 .
Ay Ay M 0 0

3. Matrix of f with respect to the basis B’ = {1,1 + X, (1 + X)?}

NS \S B e}

Method 1,

First, note that (1 + X)? = 1 + 2X + X?2. So the basis vectors are,
bi=1, by=1+X, by=1+2X+ X"
We need to compute f(by), f(by), f(b3) and express them in terms of B'.

Compute,

fb)=f1)=0=0-by+0-by+0-b3
= A1 -by 4+ As-by+ A5 by
— A=A, = A3 =0,

fb)=7f01+X)=1+X)-1=14+X
=0-by+1-by+0-bs
= A by + Ay -by+ Ay - bs
— A =A,=01, =1,

fhy) = fA4+2X+XH=(1+X)-2+2X)
=2(14+ X)(1 + X)
=2(1 + X)> =2b;
= A by + Ay by + A by
— A =1 =01=2.

Thus, the coordinates are,
e f(b1) =0=0:0;+0-b,4+0-b;3
o f(by)=by=0-by+1-by+0-b3

o f(b3) =2b3=0-b;4+0-by+2-b;3

(2.29)



Therefore, by Definition (2.13), the matrix of f with respect to B’ is,

S A 000
f12 =14 A M]=[0o10 (2.30)
oy ) oo 2

Method 2: Change-of-basis formula.

Let B = (1, X, X?) be the canonical basis. We have from (2.29)

010

[flz=10 1 2
00 2

First, find the change-of-basis matrix from B’ = {by, by, b3} to B = {vy, v, v3}, denoted
P = [id]%, as in (2.14). The columns of P are the coordinates of the vectors of B’ relative to
B.

We have,
by=1=1-140-X+0-X*>=1-v;,+0-v,+0-v3,
1+X=1-141-X40-X>=1-v34+1-v,4+0-vs,
A+X) =14+2X+X>=1-142-X+1-X>=1-v14+2-v2+1-v;.
Thus,

~

Il
SO =
O = =
—_— N

Next, compute the inverse P! using the adjugate formula (2.11).
Since P is upper triangular, the determinant is the product of diagonal elements,

det(P)=1x1x1=1.

We compute the cofactors as in (2.6),

Ci Cpp Ci3
Cof(P) = | Cy Cxn Cx

1 2 0 2
(—i— det (O ) — det (O 1) + det (
1 1 01
) + det (0 1) — det (0 0
1 1 1 1
K-i— det (1 2) — det (O 2) + det (
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1-(1-1=2-0) —1-(0-1—2-0) 1-(0-0—1-0)=0
= [-1-q-1=1.00 1-(1-1=1-0) —1-(1-0—1-0)
1-(1-2=1-1) —1-(1-2—=1-0) 1-(1-1—1-0)

I 0 O
= |—-1 1 O
I =21

Thus, the cofactor matrix is,

Cof(P) = [ —1

The adjugate matrix is the transpose of the cofactor matrix,
1 -1 1

adj(P) = Cof(P)" =0 1 -2
0 0 1
Since det(P) = 1, we have,
1 I -1 1 I -1 1
pl=—10 1 =2]=[0 1 -2
Mo o 1 0 0 1
Now, by the change-of-basis formula for linear maps (2.15),
15 = P71 P.
Compute [f]3 P,
010 I 11 01 2
[flaP=|0 1 2]|0 1 2]=]|01 4
00 2 0 01 00 2
Then multiply by P,
I -1 1 012 0 00O
[f1Z =10 1 =2][o1 4]=[0 10
0 0 1 00 2 00 2

Thus, the matrix of f with respect to the basis B’ is,

f13 =

S O O
S = O
N OO



2.1. Basic Definitions

O
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3. Solutions of Tutorial Exercises (3):
A. LESLOUS A. AYACHI

3.1. Preliminary Notation

A system of m linear equations in 7 unknowns over a field I (typically R or C) is a family of
equations

anx; + apxa + -+ apx, = b

anx; + anxy + -+ 4+ awmx, = b

amXx1 + amaXa + 0+ AuaXy = by
where a;;,b; € Ffori = 1,...,mand j = 1,...,n,are given coefficients and constants, and
X1,..., X, are the unknowns.

Definition 3.1 (Matrix Form):
The system can be written in matrix form as Ax = b, where

aip dipp -t dip X1 b
dzy dpp -+ Ay X2 b,

A=\ | o i eM,.,,F), x=]| "|€F", b=]| | eF"
Aml Am2 - Amnp Xn bm

Here A is the coefficient matrix, x the unknown vector, and b the constant vector.

Remark 3.1:
When m = n, the system is called square. For a square system, if det A # 0, then A is invertible
and the system has a unique solution x = A~'b.
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3.2. Cramer’s Rule

apin dia - dip
d; dzp -+ Ay i i i

LetA =] L ] € M,,(IF) be an invertible matrix (det A # 0),andletb =
apl A2 *+* App

F".

Foreach j = 1,...,n, denote by A; the matrix obtained from A by replacing its jth column

with b,
ap - dij-1 b, aij+1 - din
ai -+ azj—1 by axjy1 -+ axy
Aj =1 . . . . B
[ an,j—l bn an,j—H cec App
Then the unique solution x = (xy,...,x,)” of Ax = b is given by
detAj . 1
Xi = j=1,...,n.
77 detA”’ ’
Example 3.1:

Consider the 3 x 3 linear system,

anxy + apxs + aj;zxs = by
anxi + anx; + apx; = by

a1 x| + aynx + ayxs = b

The coefficient matrix and vectors are,

aip dpp ds b X1
A= \ay ax» axnl|, b=|bh]|, x=[|x
as;p dzy dass b3 X3
with det(4) # 0.
We construct,
by apn ai an by ai ai
Ay =|by axn axn|, Ay=\|an by axn|, As=|axu
by asp as; az by as; asg

Using the formula for 3 x 3 determinants,

ain
an
asn

by
bs

by

det(A) = a11aa33 + a12a3Aa31 + A13021A32 — A13022031 — A11423A32 — A 12021433,
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det(Al) = biaxnass + anarybs + ajzbraszy — ajzanbs — biaxas, — anbrass,
det(Az) = Clllbza33 + blaz36131 + 61136121[?3 - a13b2a31 - 61116123193 - b161216133,

det(A3) = allazzb3 + alzbza31 + 516121632 - b161226131 - a11b2a32 - alzazlb3-

Then by Cramer’s rule,
det(A;) det(A,) . det(A43)
= s X = , == .
det(A)’ 7 det(Ad)’ T det(A)

X1
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Exercise 3.1:
Solve the system of 2x2 linear equations using Cramer’s Rule, if applicable

2x1 + 5x, = 11,
_3x1 + X2 = _4’

2x1 + 6xy = 22
—Xx1 + 5X2 = 53,

Solution:

o Let
. 2 5 . 11 _[*1
=(50) o= (8) == ()

det(4) = (2)(1) = (5)(-3) =2+ 15=17 # 0.
so Cramer’s rule applies.

First compute

o Construct the modified matrices
11 5 2 11
A= (—4 1)’ A2 = (—3 —4)'
Their determinants are

det(4;) = (11)(1) — (5)(=4) = 11 + 20 = 31,
det(4,) = (2)(—4) — (11)(=3) = —8 + 33 = 25.

 Apply Cramer’s Rule,

det(A4) 31 det(A,) 25
X1 = = —, X = = —,
VT det(4) 170 TP det(4) 17
Verification
31 25 62 + 125 187
2l —=]14+51— )= + = =11 V,
17 17 17 17
31 25 -93425 —68
(17) + 17 17 17
Solution:
e Define

() )
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Then
det(A) = (2)(5) — (6)(=1) =10+ 6 =16 # 0.

Since det(A4) # 0, Cramer’s Rule is applicable.

22 6 2 22
Ar= (53 5)’ A2 = (—1 53)'
det(41) = (22)(5) — (6)(53) = 110 — 318 = —208,
det(42) = (2)(53) — (22)(—1) = 106 + 22 = 128.

« Now form
Compute
 Apply Cramer’s Rule,

det(A) _ 208 _ det(4y) 128
= = = —17, Xy = -
det(A) 16 27 det(4) 16

X1 = 8.

Verification
2(=13) +6(8) = -26+48=22 V,

—(—=13) +508) =13+40=53 V.

Exercise 3.2:
Solve the system of 3x3 linear equations using Cramer’s Rule, if applicable

2x1 4+ 3xy —x3 = —12, 5x1 —2x2 + 3x3 = 16,
X1 — X, — X3 = —4, 2x1 4+ 3xy — 5x3 = 2,
—4X1 + 3)62 + x3 = 14, 4.X1 — 5)62 + 6X3 =17.

Solution:

o The coeflicient matrix and constant vector are,

2 3 -1 —12
A=11 -1 -1}, b=]| —4
-4 3 1 14

Compute det 4 by expansion along the first ro,

det(A) = 2 det (_31 _11) 3 det (_14 _11) +(=1) det (_14 _31)

=2[(=D@) = (=DB)]=3[(D(D) = =DH(=H] - [(DA) = (=D(-4)]
=2(-143)-3(1—4)—(3—4)
=2(12)—3(=3)— (=) =4+9+1=14 #£0.
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Since det(A) # 0, Cramer’s Rule is applicable.

e Define the modified matrices,

12 3 -1 2 —12 —1 2 3 12
A= -4 -1 =1, 4= 1 -4 -1, A43=|1 -1 —4].
14 3 1 —4 14 1 —4 3 14

Compute each determinant via cofactor expansion,

det(A;) = (—12) det (_31 _11) — 3 det (;: —11) +(=1) det (Ij —31)

= (—12)[(=D() = (=DB)] = 3[(=H (1) — —DH(ADH] — [(=H(3) — (=) (14)]
= (=12)(=1 +3) = 3(=4 + 14) — (=12 + 14)
= (=12)(2) — 3(10) — (2) = —24 — 30 — 2 = —56.

det(Ay) = 2 det (;‘: _11) —(—12) det (_14 _11) + (1) det (_14 Ij)

=2[(=4H (1) — (=D AH] + 12[(1)(1) = (=D (=D] = [()(14) — (=4 (—4)]
= 2(—4 + 14) + 12(1 — 4) — (14 — 16)
= 2(10) + 12(=3) — (=2) =20 — 36 + 2 = —14.

1 -4 1 —4 1 -1
det(A3):2det(3 14)—3det(_4 14)+(—12)det(_4 3)

=2[(=D(14) = (=H(3)] = 3[(D(14) — (=H (=] = 12[(DB) = (=1)(=4)]
=2(—14+12) —3(14— 16) — 12(3 — 4)
=2(=2) —3(=2) — 12(=1) = -4 + 6 + 12 = 14.

o Therefore,
det(Al) —56 det(Az) —14 det(A3) 14
xl: = :—4, -xZ: = :—1, _)C3: = — = ].
det(A) 14 det(A) 14 det(A) 14
Verification
2(=4)+3(-1)-1=-8-3—-1=-12 V,
—4—-(-1)-1=—-44+1-1=-4 Vv,
—4(—4) +3(-1)+1=16-3+1=14 V.
Solution:
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o Set

5 -2 3 16
A=12 3 5], b=|2].
4 -5 6 7

Compute det(A) using cofactor expansion along first row,

det(A) = 5det ( > _65) (=) det (i _65) + 3 det (i _35)

= 5[(3)(6) — (=5)(=5)] + 2[(2)(6) — (—=5)(H] + 3[(2)(—=3) — (3)(4)]
= 5(18 —25) + 2(12 + 20) + 3(—=10 — 12)
= 5(=7) + 2(32) + 3(=22) = —35 + 64 — 66 = —37 # 0.

Since det(A) # 0, Cramer’s Rule is applicable.

16 =2 3 516 3 5 =2 16
Ai=12 3 5|, A=1|2 2 =5]|, A3=|2 3 2].
7 =5 6 4 7 6 4 -5 7

Compute determinants,

3 =5 2 =5 2 3
det(Al)—16det(_5 6)—(—Z)det(7 6)+3det(7 _5)

= 16[(3)(6) — (=5)(=5)] + 2[(2)(6) — (=5)(7)] + 3[(2)(—5) — B)(7)]
= 16(18 — 25) + 2(12 + 35) + 3(—10 — 21)
= 16(=7) 4+ 2(47) + 3(=31) = =112 + 94 — 93 = —111.

2 =5 2 =5 2 2
det(Az)—Sdet(7 6)—16det(4 6)+3det(4 7)

= 5[(2)(6) — (=5)(7)] — 16[(2)(6) — (=5 (D] + 3[(2)(7) — (2)(4)]
= 5(12 + 35) — 16(12 + 20) + 3(14 — 8)
= 5(47) — 16(32) + 3(6) = 235 — 512 + 18 = —259.

3 2 2 2 2 3
de‘[(A3)=5det(_5 7)—(—2)det(4 7)+16det(4 _5)

= 5[(3)(7) — 2)(=5)] + 2[2)(7) — 2)(D] + 16[(2)(—=5) — (3)(4)]
=521 + 10) + 2(14 — 8) + 16(—10 — 12)
= 5(31) + 2(6) + 16(=22) = 155 + 12 — 352 = —185.

e Define

o Thus
det(4;) —111 det(4y)  —259 det(4;) —185
xl = = = 3’ x2 = = = _Xj3 = = = 5
det(4) ~ —37 det(4) ~ —37 det(4) ~ =37
Verification

53) =27 +35)=15—14+15=16 ,
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23)+3(7)=55)=6+21-25=2 V,
43) =57 +6(5)=12-35+30=7 V.



4. Solutions of Tutorial Exercises (4):
A. LESLOUS A. AYACHI

4.1. Definitions and Notation

Let [F denote either the real field R or the complex field C, and let A be an n x n matrix with entries
in F.

Definition 4.1 (Eigenvalues and Eigenvectors):
A scalar A € F is called an eigenvalue of A if there exists a non-zero vector v € " such that,

Av = Av.

The vector v is called an eigenvector corresponding to A.

Definition 4.2 (Spectrum):
The set of all eigenvalues of a matrix A is called its spectrum, denoted by,

Spec(A) = {A € F : Iv # 0 such that Av = Av}.

Definition 4.3 (Eigenspace):
For an eigenvalue A € Spec(A), the eigenspace associated with A is,

Ej(A) = Ker(A — AL) = {(ve F" : (A— AL)v = 0.

This is a subspace of " containing all eigenvectors for A together with the zero vector.

Definition 4.4 (Characteristic Polynomial):
The characteristic polynomial of an n x n matrix 4 is,

pa(A) = det(A — AL,).

This is a monic polynomial of degree n in A.

By the Fundamental Theorem of Algebra, when IF = C, p4(A) factors completely as

k
pad) = =1)" [ =2)™,

i=1

where A, ..., A; are the distinct eigenvalues, and m; are positive integers summing to 7.
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4.2. Multiplicities, Diagonalizability and Trigonalizability

Definition 4.5 (Algebraic Multiplicity):
The algebraic multiplicity of an eigenvalue A € Spec(A4), denoted a4(A), is its multiplicity as a root
of the characteristic polynomial p4(A).

Definition 4.6 (Geometric Multiplicity):
The geometric multiplicity of A € Spec(A), denoted g4(A), is,

ga(A) = dim E; (A) = Nullity(4 — AL,) = n — Rank(4 — A1I,,).

dim Ker(A—AI,) dim(Im(A—ATIy))

Theorem 4.1 (Relation Between Multiplicities):
For any eigenvalue A € Spec(A4), we have,

1 <ga(d) <aus(A) <n.

Definition 4.7 (Diagonalizability):
An n x n matrix A is diagonalizable over F if there exists an invertible matrix P € M, (IF) such
that,

A 0 - 0
. ' 0 Ay -+ 0
P7 AP = Diag(A, Ay, ..., Ay =| . . . 1,
0 0 --- A,
where A1, A2, ..., A, are eigenvalues of A (not necessarily distinct).

Equivalently, 4 is diagonalizable if and only if F” has a basis consisting entirely of eigenvectors
of A.

Theorem 4.2:
Let A € M,,(C). If A1, A2, ..., A, are distinct eigenvalues of 4, then A is diagonalizable.

Theorem 4.3 (Diagonalizability Criterion):
A matrix A € M, (C) is diagonalizable over C if and only if for every eigenvalue A € Spec(A4), we
have,

ga(d) = as(R).

Moreover, if 4 is diagonalizable, then,
C'= @ EiA.
AeSpec(A)
where the direct sum is taken over all distinct eigenvalues.

Theorem 4.4 (Trace and Determinant Relations):
Let A be an n X n matrix with eigenvalues A, A5, ..., A4, (counted with algebraic multiplicity).

Then,
Trace(A) = A1+ A + - + Ay,
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det(A) = LA+ A,

Definition 4.8 (Trigonalizable Matrix):
A matrix A € M, (C) is trigonalizable (or triangularizable) if there exists an invertible matrix
P € M, (C) such that P~' AP is upper triangular.

Theorem 4.5 (Trigonalizability Theorem):
Every complex square matrix is trigonalizable. That is, for any A € M, (C), there exists an invertible
matrix P such that,

A] * oo %k
. 0 AZ cee ok
PAP =T =] . . )
0 --- 0 A,
where A1, ..., A, are the eigenvalues of A (not necessarily distinct).

Remark 4.1 (Trigonalizability vs Diagonalizability): < Diagonalizable = Trigonalizable
(since diagonal matrices are a special case of triangular matrices)

« Trigonalizable #> Diagonalizable (e.g., matrix B, in the exercises)
 Over C, all matrices are trigonalizable, but not all are diagonalizable

« Over R, a matrix is trigonalizable only if all its eigenvalues are real (otherwise, complex
eigenvalues are needed)

Theorem 4.6 (Trigonalization via Basis Completion):
Any matrix A € M, (C) can be trigonalized by completing a basis of C" to an A-invariant flag.
That is, there exists a basis {v{, v5,...,v,} such that foreachk = 1,...,n,

Avg € Span{vy, vy, ..., Uk}

Computational Methods for Trigonalization

To trigonalize a matrix A € M,(C) (i.e., put it in upper triangular form), follow these
steps,

1. Compute eigenvalues: Find all eigenvalues A1, . .., A, of A with their algebraic multiplicities.

2. Find eigenvectors and generalized eigenvectors: For each eigenvalue A with algebraic
multiplicity m,

a. Find ordinary eigenvectors by solving (4 — Al)v = 0.

b. If the number of linearly independent eigenvectors is less than m, find generalized
eigenvectors by solving,
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o (A — AI)*v = 0 for vectors not in Ker(4 — A1)
« Continue until (4 — AI)*v = 0 for the smallest k giving new vectors

o Build Jordan chains: if (A — A1)v; 1 = v;, then v; 4 is a generalized eigenvector

. Construct Jordan chains: For each eigenvalue, arrange vectors in chains,

V1, V2,...,V, With (A—=ANv =0, (A—ADva=vy, ..., (A=A)v, = v,

. Order the basis: Arrange all vectors (from all eigenvalues) in a single ordered basis B =

{v1,va,...,v,} such that,
o For each eigenvalue, complete its chain before moving to the next eigenvalue
o Typically order eigenvalues by increasing real part or magnitude

« Within each chain, order vectors from “most eigen” to "most generalized”

. Form the change-of-basis matrix: Construct P as the matrix whose columns are the vectors

of B,
P =[vivy - v,]

. Compute the triangular form: Calculate 7 = P~!' AP, which will be upper triangular.



Exercise 4.1 (Spectral Analysis of Four Matrices):
Consider the following matrices over C,

— 00 —2
31:(2 4), B,=|12 1],
10
4 0 1 2 4 6
By=|-1 -6 =2|, B,=|0 2 2
5 0 0 00 4

For each matrix B; (i = 1,2, 3,4),

(1) Compute the characteristic polynomial pp, (A) = det(B;—AT) and express it in fully factorized
form.

(2) Determine all eigenvalues A € Spec(B;). For each eigenvalue, compute its algebraic
multiplicity a g, (1).

(3) For each eigenvalue A, find a basis of the eigenspace
E)(B;) = Ker(B; —AI) = {ve C>: (B; — Al3)v =0}
and compute its geometric multiplicity

gp;(A) = dim Ey(B;).

(4) If B; is diagonalizable, determine a diagonal matrix D; = P! B, P that is similar to B;.
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Solution:

Matrix B; = (; _41)

(1) Characteristic Polynomial
pB,(A) = det(By — Al»)

= det(l 2 ' 4—11)
={1-1)(@E-1)-(-=DO
=(1-X1)@E—-21)+2
=4—4L - A+ A2 42
= A*—51 +6.

To factor this quadratic polynomial, we solve A2 =51 +6=0,

L_SEV2 2 5+ _§11=3,
N N T e =2

2 2

Thus, the characteristic polynomial in fully factored form is,

ps(A) = (A —-2)(A-3).
(2) Eigenvalues and Their Multiplicities
o A} = 2: Algebraic multiplicity ap, (2) = 1
o Ay = 3: Algebraic multiplicity ap, (3) =1

(3) Eigenvectors and Geometric Multiplicities
1-2 -1 -1 -1
31_21_(2 4—2)_(2 2)'
We solve (B; — 21 )v = 0,
-1 -1 vy 0
2 2 va)  \OJ°

This gives the equation —v; — v, = 0, or v; = —v;. So,

(v U1 . 1
() () (). wee

e ForA =2,
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Thus, E>(B) = Span %(_11)} and g5, (2) = dim E>(B1) = 1.

1-3 -1 -2 —1
31_312(2 4—3):(2 1)'
We solve (B — 31)v = 0,
() ()=6)

This gives the equation —2v; — v, = 0, or v, = —2v;. So,

() _ V1 _ 1
()= () () mee

Thus, E3(B;) = Span {(_12)} and gp,(3) = dim E3(B;) = 1.

e For A = 3,

(4) Diagonalizability Check
e ForA =2:ap,(2)=1=g5,(2)
e ForA =3:ap,(3)=1=g5,03)
Since g, (A) = ap, (1) for all eigenvalues, B; is diagonalizable.

a) Diagonalization Matrix

We can construct P using the eigenvectors as columns,

11
Pl_(_l _2).
_ 2 0 A0
Dl:PllBlplz(o 3):(01 Az)'

Then,
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S N O

0
Matrix B, = | 1
1

(OO I

1. Characteristic Polynomial

PB,(A) = det(By — Al3)

—A
=det| 1 2-—A

1

-2
1

)

We compute this determinant using cofactor expansion along the first row,

pin) = -der (P01 ) -0 aer

1

1 3—A

) + (-2) - det(

=(-A)-[2-A)3B-41)—-1:-00-0-2-[1-0—-(2—-2)-1]

= ()2 -1H)B—-1)=2[-(2-2)]
=-A12-1)(B-1) +22-1)

= 2-M)[-A3-21)+2]
=Q2-M)[-AB-21)+2]
=Q2-M)[-31+12+2]
=2-1M)A*=31+2)
=Q2-M)A-1)A-2)
=—-A-2>2A—1).

Thus, the characteristic polynomial in fully factored form is,

B, (A) = —(A —2)*)(A —1).

2. Eigenvalues and Their Multiplicities
o A} = 1: Algebraic multiplicity ap,(1) = 1
o Ay = 2: Algebraic multiplicity ap,(2) = 2

3. Eigenvectors and Geometric Multiplicities

1
B,—1=]1
1

e« ForA =1,
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We solve (B, — I)v = 0 by row reduction,

-1 0 =2 KRy 1 0 2 Ry R, 1 0 2
1 1 1 |]——|1 11 01 —1
1 0 2 1 0 2) Ry<Rs=Ry \Q0 O O
This gives the system,
v+ 2v3 =0 = v; = —2vs,
vz—U3=O:>1)2:U3.
So,
U1 —2U3 -2
V=10 )| = U3 ,— U3 1 , U3 € C
U3 U3 1
-2
Thus, E1(B,) = Span 1 and gp,(1) = dim E,(B,) = 1.
1
e For A =2,
-2 0 =2
B,-2I =11 0 1
1 0 1
We solve (B, — 21 )v = 0 by row reduction,
-2 0 -2 R 1R 1 01 R Rp—R 1 01
1 0 1| —2 101]=——]000
1 0 1 1 0 1) R<Rs=Ry \0 0 O
This gives the equation v; 4+ v3 = 0, or v; = —v3. The variables v, and v3 are free (with
v3 determining v;). So,
(4 —V3 0 —1
v=]U | = v, |,=v|1]4+uvs| O], wvv;eC.
U3 U3 0 1
Linear independence check
Let A;, A, € R such that,
0 —1 0
Ml +2 1 0 =10
0 1 0
This gives,
A=
= A1 =1, =0.
g, = 1 2
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o Thus, E»(B;) = Span 11,10 and gp,(2) = dim E»(B,) = 2.

4. Diagonalizability Check
e« ForA = l:ap,(1) =1=gp,(1)
o ForA =2:ap,2) =2 = g35,(2)
Since gp,(A) = ap,(A) for all eigenvalues, B, is diagonalizable.
a) Diagonalization Matrix

We can construct P, using the eigenvectors as columns,

-2 0 -1
p=|110
1 0 1
Then,
100 A0 0
Dy=P;'BoP,=[020]=[0 X O
00 2 0 0 A



4 0 1
Matrix By = | -1 —6 -2
5 0 0

1. Characteristic Polynomial
PB; (A) = det(B3z — A13)

4—A 0 1
=det|] -1 —-6—-1 —-2].
5 0 —A

We compute this determinant using cofactor expansion along the second column (since it
contains two zeros, which simplifies computation),

PB;(A) =0-Cip+(—6—21)-Cxn+0-Cx,
4 -1 1
—_— Ju— J— o ( — 2+2-
= (=6—2)-(=1) det( p _k)

=(—6—)L)-det(4;)L _IA)

=(=6-21)-[(4-1) (1) —1-5]
=(=6=24)-[-A(4-21) = 5]
= (—6—1)-[—41 + A% — 5]
= (—6—21)- (A2 — 41 —5)
=(—6-1)-A=5)A+1) (sinceA’—41—-5=A—-5A+1))
=—A+6)A-5A+1).
Thus, the characteristic polynomial in fully factored form is,
P (M) =—(A+6)(A =51 +1).
2. Eigenvalues and Their Multiplicities

o A} = —6: Algebraic multiplicity ap,(—6) = 1

o Ay = 5: Algebraic multiplicity ap,(5) = 1

o A3 = —1: Algebraic multiplicity ap,(—1) = 1

3. Eigenvectors and Geometric Multiplicities

e« For A = —6,
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We solve (B3 + 6/1)v = 0 by row reduction,

1
10 0 1 Rj <R 10 5 Ry<Ry+R, 1
-10 -2|—— -1 0 2] ———>|0
5 0 6 5 0 6] BBk \Q
L 1 / 1
Ry<—13R, (1) 8 110 R/l/<—R/1—110R/2/ (1) 8 (1)
00 % Ry<Ry3=5R, \0 0 0
This gives the system,
U1 O,
v; =0,
with v, free. So,
vl\ 0 0
v=|lmw]l=lunl]l,=vml|l], UzE(C.
U3) 0
0
Thus, E_()(B3) = Span 1 and g33(—6) = dim E_6(B3) = 1.
0
e For A = 5,
-1 0 1
By—5I=|—-1 —11 =2
5 0 =5
We solve (B3 — 51 )v = 0 by row reduction,
-0 1 Rj<—R; 0o -~ R,<Ry+R), 1
-1 -11 2 ——|-1 -1 =2) ——— 0
5 0 =5 5 0 —=5) Ry<Rs=3k \Q
" 1 —1
Ry =11k, 0 3
—> |0 1 3
00 O
This gives the system,
v —v3 =0 = v = vs,
3
vy + HU;}, =0= v, = ——1U3.
So,
U1 U3 1
v=|uvn] = %1)3 , = U3 —13—1 , v3eC.
U3 U3 1
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To get integer coordinates, multiply by 11,

11
v=uv;|-3]|, v;eC.
11
11
Thus, E5(B3) = Span { | —3 and gp,(5) = dim E5(B3) = 1.
11
e ForA = —1,
5 0 1
Bs;+I1I=|-1 -5 =2
5 0 1
We solve (B3 + I)v = 0 by row reduction,
1 1
5 0 1 Rj<1R 10 3 Ry<Ry+R), U
-1 -5 2| ——|-1 =5 22| ——— |0 -5 =2
5 0 1 5 0 1) B<R=3K \0 0 0
1
Ry«<—3R; bo 3
— |0 1 5
00 O

This gives the system,

V1 + -v3 =0 = v = ——vs,
1t 53 1 53

—uv3 =0 = ——V3.
v2—|—2503 = Uy 251)3
So,
U1 —%U3 —é
v=1U0 | = —2—51)3 = VU3 —3 | U3 € C
U3 U3 1
Multiply by —25,
5
v=wns| 9 |, wvyeC.
-25
5
Thus, E_;(B3) = Span 9 and gp,(—1) =dim E_;(B3) = 1.
-25

4. Diagonalizability Check
o ForA = —6: ap,(—6) =1 = gp,(—6)

e ForA = 5: CZB3(5) =1= g33(5)
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o ForA = —1l:ap,(—1) =1 = gp,(—1)
Since gp,(A) = ap,(A) for all eigenvalues, Bj is diagonalizable.
5. Diagonalization Matrix

We can construct P3 using the eigenvectors as columns,

0 11 5
Pa=|1 =3 9
0 11 =25
Then,
-6 0 0 A 0
P7'BsPs=|0 5 0)=[0 A
0 0 —1 0 0
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Matrix B, =

S O N
SN B~
L\ e

1. Characteristic Polynomial
Since By is upper triangular, its eigenvalues are exactly its diagonal entries. The characteristic
polynomial is,

P, (A) = det(By — Al3)

2—A 4 6
= det 0 2—A 2
0 0 4-—-2A

=(2—-A)2—-A)(4—A) (product of diagonal entries)
=(2-2)*4-2).
Thus, the characteristic polynomial in fully factored form is,
Pe,(A) = (2= 2)*(4 - A).
2. Eigenvalues and Their Multiplicities
o A} = 2: Algebraic multiplicity ap,(2) = 2
o Ay = 4: Algebraic multiplicity ap,(4) =1
3. Eigenvectors and Geometric Multiplicities

e ForA =2,

We solve (B4 — 21 )v = 0 by row reduction,
3
0 46 Ry<R3—R» 0 6 Rj<1iR, 0 13
00 2]—10 2] —— (0 0 1
00 2 00 0/ B3R \0 0 0

This gives the system,
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with v free. So,

U1 V1 1
V=10 | = 0 =v1 0], v e C.
U3 0 0
1
Thus, E>(Bs) = Span§ | 0 | ¢ and gp,(2) = dim E»(B4) = 1.
0
e ForA =4,
-2 4 6
Bi—4I =0 -2 2
0O 0 O
We solve (B4 — 41)v = 0 by row reduction,
-2 4 6 Rj——1Rr, I -2 -3 R] <R +2R, 10 =5
0O -22]—— |0 1 -1|———|0 1 -1
0 0 0) B<=3R \0 0 0 00 0

This gives the system,

v —5v3 =0 = vy = 5v3,
v, — V3 =0 = v, = v3.
So,

U1 5U3
v=|wuw]l=lwvs]|=wnl|l], v;eC.
U3 U3 1
5

Thus, E4(Bs) = Span and gp,(4) = dim E4(B4) = 1.

1
1
4. Diagonalizability Check

o ForA =2:ap,(2) =2,but gp,(2) =1

e ForA =4:ap,(4) =1=gp,(4)

Since gp,(2) < ap,(2), B4 is not diagonalizable.
b) Why B, is Not Diagonalizable
For B4 to be diagonalizable, we would need three linearly independent eigenvectors (since

it’s a 3 x 3 matrix). However, we only found,

1
 One eigenvector for A =2, | 0
0



5
« One eigenvector for A =4, | 1

This gives only two linearly independent eigenvectors, which is insufficient to form a
basis for C°.
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Solutions of Tutorial Exercises

Google Drive File

Open File

Scan QR code or click link above


https://drive.google.com/drive/folders/1R0AGtR0Zpg5MJ11E8bv1zHXUouS6epR6?usp=sharing
https://drive.google.com/drive/folders/1R0AGtR0Zpg5MJ11E8bv1zHXUouS6epR6?usp=sharing
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